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lEAKSLATOB'S PKEFACE, 



Fob some years I had used a rough English manascript 
summary of Professor Cremona's works on the Gtaphwal 
Calculm and Seciprocal Figures, -while reading -with engineer- 
ing students of University College, London. As English 
versions were much wanted, I was advised by Professors 
Peabson and Kennedy to ask the consent of Professor 
Cbemona to my undertaking their translation, and at the 
same time they supported my application to the Delegates of 
the Clarendon Press that they should hecome the publishers. 
To both applications a most cordial consent was given ; and 
I take the opportunity of thanking both the Author and the 
Delegates for the trust they have reposed in me. The trans- 
lations have been revised by Professor Cbemona and certain 
portions (in particular Chap. X. of Seciprocal Figurei) have 
been entirely written by him for the present English edition. 
I regret that a long delay has occurred in the appearance 
of this book, due chiefly to pressure of work both on the 
part of myself and Professor Cremona. 

I feel sure that the translation will supply a long-felt want, 
and be found extremely useful by students of engineering and 
the allied sciences, especially by those whose work compels 
them to pay attention to graphical methods of solving pro- 
blems connected with bridges, roofs^ and structures presenting 
similar conditiotks. 

THE TBANSLATOR. 

Hebiot-Watt Colleqe, Edihbubqh. 
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AUTHOK'S PREFACE 

TO THE ENGLISH EDITION. 



A GBEAT many of the propositions, whiet form the Graphical 
Calculus of the present day, have been known for a long 
time ; but they were dispersed in various geometrical worka. 
We are indebted to Culmakn for collecting and placing 
them at the head of his Graphical Statics ; a branch of science, 
created by him, which is Buch a powerful help in engineering 
problems. 

The first chapter of this small work, which now appears in 
English, tre&ts of the use of signs in Geometry, as Moebius 
conceived them. The succeeding chapters, on Graphical 
Addition and other arithmetical operationa, contain chiefly 
the graphical calculation of a syatem of forces in a plane 
when they are represented by rectilinear segments. The 
research on centroids, to which the reduction of plane figures 
serves as an introduction, refers equally to the same subject, 
being nothing elae but the determining of the centres of 
systems of parallel forces. A special chapter ia dedicated to 
Lill's method of graphical resolution of numerical equations. 

As Mk. Beabe expreased a wish to translate my little 
treatise II Galcolo Orafico, and also Le Figure Reciproche neUa 
Statica Grajica, for the use of English students, and as the 
Clarendon Press authorities kindly agreed to publish them, I 
have been happy to give my consent, as I gave it, some time 
ago, to Mr. Leudesdobf for the translation of my Qeometria 
projettiva. Whilst reading the translation I have profited by 
the opportunity to revise the text, and to introduce aome 
improvements. 

I take the opportunity of thanking both the Translator, 
and the Delegates of the Clarendon Press. 

THE AUTHOR. 
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ELEMENTS OF THE GRAPHICAL CALCULUS. 
CHAPTEE I. 

THE USE OF SIGNS IH OEOUETBT. 

1. Let 0, a, X he ihxee points in a ^ven straight line 
(Fig. i), of which and J are fixed pointe whilst X 
moves from m the direc- 
tion OA. Further let the o a 

tefftnenU (limited portions of ^ 

the straight line) OA, OX -2 ^ 

contain a, as linear units 

reapectively*. Then as long — * ^ j — 

as X remains between and Fig. i. 

A, we have x < a; when 

X coincides with A, m = a ; and as soon as X has passed 

beyond A, we shall have x > a. 

If the point X instead of moving from towards A, were 
to travel in the opposite direction (Fig. a), the number « of 
linear units contained in 

the segment OX would be o a 

considered negative, the 

number a remaining posi- , g * 

tive. For example, if X 
and A were equally dis- 
tant from 0, we should have w = ~a. 

A straight line will always be considered to have been 
described by a moving point. One of the two directions in 
which the motion of the generating point can take place is 
cailed positive, the other negative. Instead oipotitive or negative 
direction we may also speak of positive or negative sense. 

When a segment of a straight line is designated by the 

* The linear unit !■ aappoaed to lie a icgment of unit leogtii measured in the 
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2 THE USE OF SIGNS IN OEOMETRY. [2- 

number (x) of lineat units it contaioB, its sense is shown by the 
sign + or — of the number x. 

A segment may also be designated by means of the two 

letters wbicb stand at its ends ; for example AB (Fig. 3). In 

this case we agiee to write 

A c :g AB or BA, according as 

the generating point is 

• ■ — conceived to move from A 

c A B to £, or in the opposite 

sense. In accordance with 
this convention, the sym- 
bols AS, BA denote two equal magnitudes of opposite* sense, 
hence the identity 

AB + £A = 0, 

or AB= -BA, BA = —AB. 

Of the two points A, B, the extremities of the segment AB, 

tlie one A is called the initial, and the other B the final point of 

(he segment. On the other band for the segment BA, B is the 

initial pointj and A the final point. 

2. Let A, B, Che three points in a straight line. If C lies 
between A and B {Fig. 3), then 

AB=AC+ C3, 
and therefore ~CB-AO + AB=0, 

or, since [Art. 1] ~C£ = BC,aaA -AC = CA, 
BC + CA-vAB= 0. 
If C lies on the prolongation of AB, then 
AB-\-BC = AC, 
hence BC ~ AC Jr AB = 0, 

and therefore BC+ CA + A3 = 0. 

And, finally, if C lies on the prolongation of BA, 
CA + A£=CB, 
hence ~CB+CA + A£ = 0, 

or BC+CA + AB = 0. 

We therefore conclude that f : 

If A, B, C are three points (in any order whatever) in a 
ttraight line, the identity 

BG+CA + AB=0 

always aolat. 

* That 19 to my, twomsgnitudeB of equal urithmetioal values, but with opposite 
algebraical lignj, BQoh ae + a and — a. 

f &Io6iDS,£ar^i!efifmcAerCaimi(I>eipiig, 1327),Jl,G«BammelteWerke,6d.l. 
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-6] THE USE OP BiaNS IN GEOHETBT. 3 

3. From this proposition we obtain an expr^aion for the 
distance between two points A, S bx terms of the distances 
of these points from a third point collinear with them 
which we choose as the iniiial point of the segments. In faetj 
since 0, A, B are three points in a straight line, we have 

OA + AB+BO = ii, 
therefore AB = OB- OA, 
or AJB = AO+OB. 

4. IS A,B,C, ..., M, 2fa,re « points in a straight line, and if 
the theorem expressed by the equation 

AB + BC+ ... +MN-+NA = 
is true for them ; then the same theorem is true for « + 1 points. 
For if is another point of the same straight line, then 
since between the three points N, A, there exists the relation 

NA = NO+OA, 
the above assumed equation becomes 

AB + BC+...+NO+OA= 0. Q.E.D. 

Now it has already been proved {Article 2) that the theorem 
is true for m = 3, therefore it is also true for n=4, and 
so on. 

6. The sign of a segment AB is undetermined, unless a 
positive segment of the same straight line has already been 
given ; the direction of this latter segment is called the 
pontive direction cftke ttraight line. 

For two different straight lines the positive direction of the 
one is in general independent of that of the other. But if the 
two straight lines are parallel, we can compare their directions 
and say that they have the same positive direction when, 
after having displaced the one line parallel to itself until it 
coincides with the other, the two dlrectioiLS are found to be 
identicaL 

Hence it follows, that two parallel segments AB, CD have 
the same or opposite signs, according as the direction &om 
A io B coincides with the direction from C to i>, or not. If, 
for example, ABCB is a parallelogram, then 

A£ + CI)= 0, and BC -i- DA = 0. 

If we draw through n given points of a plane Aj, A^, ...,A„, 
segments ^\^(, -^j-^a'j ••■> -^h-^b' all parallel to some given 
Erection in t^e plane until they intersect a fixed straight line 
AiA^.., A^, then the sense of one segment determines that 
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4 THE USE OF SIGHS IN GEOMETRY. [8- 

of all the others. Two segments A^A^, A,A^ have the Bame 
or opposite sense, according as the points A, , A, lie on the same 
or opposite side of the given straight line A^ A^ ,,>A^. 

Two equal parallel segments, with the same sign, are called 
equipollmt, after Bellavitis. 

6. If A, B, C, D are four collinear points, we have the identity 

AJ}.BC+SJ).CA + CI>.A£ = 0. 
For the segments SC, CA, AB can be expressed as follows, 
BC = BI)-CJ}, 
CA = CB-AB, 
AB = AB-BB; 
now multiply these three equations by AB, BB, and CB re- 
spectively and add the results, the right-hand side vanishes, 
and we obtain the identity we wished to prove. 

7. Let p, q, r be three straight lines intersecting in the 
point (Fig. 4). Through any point M of the plane draw a 




Fig. 4. 



transversal, cutting p, q, r in A, B, and C respectively ; then 
from the proposition just proved, we have 

MA.BC+M£.CA + MC.AB = 0. 

Now draw, parallel to the transversal ABC, a straight line 

cutting p, q, r in the points P, Q, S; then the segments BC, 

CA, AB are proportional to the segments QM, B.P, and PQ 

respectively, and the above equation may therefore be written 

MA.QR + MB.BP + MC.PQ = 0. 
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-7] THE UBE OF HQNB IN GEOMETRY, 5 

If we now draw throngh any other point Jf' a new 
transversal in the fixed direction PQR, cutting p, q, r m ■ 
A', £', and C", we have Bimilarly 

M'A'.QR + M'B'.EP + M'C'.Pq = 0; 
that IB to say : 

If ice ttraw^ through any point M,in a given direction, a trans- 
versal kAicA euis three given, concurrent straight lines in A, B, C 
respectively, then the segments MA, MB, MC are conneated 6y the 
relation 

a.MA + b.MB + e.MC = 0, 
v>here a,b, c are constants. 

From the point W let fall perpendiealara MB, MS, MF 
upon the three straight lines p, q, r; and also from some 
arhitrarily chosen point S of the line PQB perpendiculars SU, 
SF, SW upon the same given straight lines. Then since the 
triangles MAB, SPU are similai' we have 
MA:MB = SP:8U. 
SP 
Therefore MA = ~ MB, 



The equation 

MA.qB+MB.RP + MC.Pq=^ 0, 
may therefore be written 

that is to say : 

If we d/rop from, any point M perpendiculars MB, MB, MFupon 
three coneurrent straight lines, the following relation hold* 

a.MB-h^.ME+y.MF= 0, 
where a, fi, y are constants. 

The lines MB, ME, MF, instead of being perpendicular to 
the given straight lines, may be inclined to them at any 
the same arbitrarily chosen angle ; we should then obtain a 
relation of similar form, by merely altering the values of the 
constants a, ;3, y; the proof however remains the same. 

The proof does not necessarily presuppose that the intersec- 
tion of the three straight lines ^, q, r lies at a finite distance ; 
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6 THE DSE OF SIGNH IN QEOMETKY. tS- 

the proposition ie therefore true even if the three given straight 
lines are all parallel to one another. 

8. A plane has two sides which face the two regions into 
which it divides space. Let a perpendicular be drawn through 
any point of the plane, and let the positive direction of this 
perpendicular he fixed. If 01 be any positive segment of this 
straight line, then the region in which I lies is called the 
positive region, and the side which looks toward I is called 
the positive face. 

Now let an observer, standing with his feet at 0, and his 
head at I observe a rotational motion in the plane (Fig. 5) ; 
this can take place in two senses, either from left to right [dex- 





Fig- 5- F%. 6- 

trorsum, in the sense of rotation of the hands of a watch], or 
from right to left [sinistrorsum]. The former sense is called 
potitive, the latter negative. 

Let P, Q,B be three points on a circle in the plane (fig. 6) ; the 
points P, Q divide the circumference into two arcs FQ, one of 
which contains R. If we take as positive the sense in which 
one of the two arcs has been described, the other arc has 
negative sense. If we fix the positive arc PQ, then the 
sense of any arc, and of any rotational motion ia the plane 
will be fixed ; and thereby the positive face of the plane is 
also fixed, as it is the one on which the observer must stand 
in order that the positive arcs may seem to him bo be 
described in the sense of the motion of the hands of a watch. 
ThepoHUve sense of a plane is that of its positive arcs. 

9. Let a, b he the positive directions of two straight lines 
in a plane, intersecting in the point (Fig. 7), and let OP, 
OQ be two positive segments of these straight lines, each of 
length equal to unity. By the angle ali between these two 
lines, we mean the circular arc PQ described in the positive 
sense of the plane. In order that the, angle may be fixed 

Digitized ByGOOgle 



-10] 



THE USE OP SIGNS IK OEOMETKY. 



it is necessary to fix both the positive directions of the two 
straight lines and the positive sense of the plane; but we 
may add to any angle any number of 
complete rotations either positive or 
negative, i. e. (if » is an integer), 
ab ±360" X n = ad. 
If OA, OB are two positive segments 
of the straight lines a, 6, the angle ab 




can also be denoted by OA.OB, or 
more briefly by AOB. 

The sum of the angles ab, ba is equal 
to any number of complete revolntions ; 
we may therefore write Kg. 7. 

ab + ha = 0, 
or ba = ~ab, or ab = —ba. 

that is to say, ah and ba can be regarded as of eqaal magnltade 
and opposite sense *. 

This leads us to consider the positive rotation ab as equiva- 
lent to the negative rotation —ba; or in other words, the angle 
ah is the circular arc PQ described in the positive sense of the 
plane, or the circular ai'c QP described in the negative sense 
and tlien taken with the — sign : PQ = — QP. 

A negative angle is one described by a negative rotation, or 
hy negative arcs. 

Analogously we have 

AOB-^B0A = 0; 
that is, AOB, BOA are two angles of equal magnitude and 
opposite sense. 

10. Let the directions a, b, e of three straight lines in the 
plane be given, and suppose them to be drawn from the same ' 
point 0, and to be extended on only one side of it, for the 
angle between two straight lines is independent of their 
absolute position. Then if in turning round in the positive 
sense of the plane, we meet with the three straight lines in 
the order aci (Fig, 8), we have the identity 



hence —eb + ca — ba = (i. 

But —cb = be, —ba = ab, 

and therefore bc + ca + ab = 0. 

* Baltzeb, Ana^. QtomeMe, % 9, 
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8 THE USE or SIGNB IN OEOMETEY. 

If the order of the sucsceesion is aSc (Fig. 9), then 
bc + ca = ba, 
or ic+ca—ia = 0, 

and therefore Jc + ca + oi = 0. 
Accordingly we have this proposition : 

If a,i,c are three ttrai^ht Unet in the »ame plane, 
ffrder whatever, the identity 
. , bc + ca + ab = 

t» alteay* true. 





Kg. 9. 



11. From this we ohtdn, by a procedure similar to that for 
segments (Art. 3), an expression for the angle between two 
straight lines a, b, in terms of the angles, which they make 
with a third straight line o, taken anywhere at pleaaure in the 
given plane. In fact i£ o,a,b are directions in one and the 
same plane, we have 

oa + ab + bo = 0, 
therefore ab = ob—oa, 

or ab = ao + 06. 

12. Three points A, 3, C which do not lie in one straight line, 
are the vertices of a triangle (Fig. 10). Let us consider that 

, we pass roirnd its periphery con- 

tinuously, that is, passing through 
each point once and through no 
point more than once : then each 
vertex is the final point of one side 
and the initial point of the follow- 
ing aide. This can be done in two 
ways, that is to say in two opposite 

directions ; namely in the sense ASC or in the sense ACS. 
The sense JBCA or CAB does not differ from ASC, and 

similarly neither CSA nor BAC is different from ACS. 
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-14] THE USE OV SIGNS IK GEOMETBT. 9 

The area of the triangle lies to the right or to the left hand, 
according as we go round the periphery in the positive or 
n^^Uve sense ; for this reason vre consider the areas ABC, 
ACB as equal but opposite : the first as positive, the second 
negative. We may suppose the area ABC {or ACB) to be de- 
scribed by a revolving lineof variable length, of which one end 
is fixed at A, whilst the other describes the segment BC (or 
CS). Now this rotation takes place in the positive {or nega- 
tive) sense of the plane ; for this reason also we consider the 
area as positive {or negative) *. 

The necessary and sufficient condition that three points 
A,B, Cmay lie in one straight line, is that the area X£(7 is zero. 

13. Pboposition, If it any 
point Khatever, in the plane (f the 
triangle ASC {Fig. 1 1), we alviayt 
have the identity 

OBC + OCA + OAB = ABC f- 

Proof. If lies within the 

triangle ABC, then of course 

the latter is the sum of the 

triangles OBC, OCA, OAB. 

If lies within the angle 
BAC, but upon the other side 
of BC, we have 

OCA + OAS- OCB = ABC ; 
but OCB = - OBC, 

therefore OBC+OCA + OA£ = ABC. 
Finally, if lies within the opposite vertex oiBAC, we have 
OBC- OAC- OB A = ABC, 
and hence OBC + OCA + OAB = ABC. Q.E. d. 

It follows from the remark at the end of Art. 12, that if 
A, B, C are three points in a straight line, then wherever 
may be we have 

OSC+0CA+OAB=0. 

14. It follows from this proposition, that the area of the 
triangle ABC may be regarded a^ generated by the motion of 
a revolving line of variable length {radiui vector), of which one 
end is fixed at {the pole), whilst the other describes the 

* HOBtoa, loo. dl % 17. i- Ibid. S 18. 
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periphery (outline) in the sense denoted by the given exprea- 
sioD ABC. 

This remark and the above proposition would remain un- 
altered, even if BC were no longer a segment of a straight 
line, but an arc of a curve *. 

\b. If it any point lokatever in the plane of the parallelogram 
ABC J) (Fig. \%\ vie have 

OAB+OCB=iABCD, 
For, using S to denote the point, in 
which the side BC is out by the 
straight line, drawn through 
parallel to AB, we have (Art. 1 3), 
SAB+SBC+SCA = ABC. 
But SBC = 0, SCA = SCB, 
SAB = OAB, BCD = OCX), 
therefore 

OAB + OCD = ABC = i ABCB. Q. E. D. 

Since \ABGD = BAB, the above equation may also be written 
ODC= OAB- DAB. 
16. Let (Fig. 13) p,q,rhe three straight lines, which form a 
triangle ABC ; and let and M be two points in ita plane, of 
which the first is considered as 
fixed or given, and the other as 
variable. Draw from the points 
and M to the straight line p in 
any direction the two parallels OU, 
MB, and similarly to 5 the paral- 
lels OF, ME, and to r the paral- 
lels W, MFj also in any directions 
whatever. 

The areas of the triangles OBC, 
MBC are proportional to the dis- 
tances of their vertices 0, M from 
the common base BC, and therefore 
also to the segments OU, MB ; 
hence we have 
OBG:MBO=OU-MI>, 

■« three arcs, wHoh do not 
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or MBC= ~ ■ MS, 

and similarly MCA = ^ ■ MB, 

But from (Art. 13) 

M-BC+MCA + MAS = ABC, 

therefore °^ ■ MI>^'^i.ME+^ .MF= ABC. 
OU Or Orr 

If we vary the position of the point M in the plane, whilst 
keeping the directionB OU, OF, OW fixed, then in the above 
equation only the lengths MB, ME, MF change ; we obtain 
therefore this Theorem : 

If we draw in given directiom fiom any point Min fie plane 
of a given triangle, the ttraight lines MD, ME, MF meeting the side* 
<f IMt triangle, then these straight lines are connected by the relation 

(t) a . MJ) + ^ . MF + Y . MF = b, 
the quantities a, &, y, 3 being constanis. 

The proposition is still true if two of the three given 
straight lines p, q, r are paralle] to one another. For example, 
let q, r be parallel, and let UB draw a straight line », which is 
parallel neither to q, r, nor to p. If now we draw through 
any point M, in directions chosen at pleasure, the straight 
lines MD, ME, MF, MG to the straight lines p, q, r, s, then 
from the proposition just proved, since p, q, s form a triangle, 
MD, ME, MQ are related by an equation of the form (t), 
which may be written thus 

a.MD + p.MF+MG = h; 
and similarly since p, r, s form a triangle, we shall obtain 
a relation of the same form 

a'. MD + yMF+MO = &'. 
between MD, MF, MG. 

Subtracting this equation from the foregoing one, we have 

(a~a')MD+^.ME--y.MF=b~b', 

that ia to say, MD, MF, MF&ie also connected by a relation of 

the form (f). Q. e. d. 

This proposition is a generalisation of the one (in Art. 7) 
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concemiiig tkree straight lines p, q, r wMch intereect in a 
point situated at either a finite or infinite distance. In the 
special case mentioned the constant i is zero. 

17. We shall call that line a circuit which a point describea 
whilst it moves in a plane from one position (the initial) to 
another position (the final) continuously, that is without 
eyer leaving the plane. The circuit is closed if the final 
position coincides with the initial position ; it is open if this 
is not the case. If the circuit intersects itself, we call the 
points of intersection nodes, and the circuit a telf-cutting one. 

K ihs circuit is formed of rectilinear segments, it is said to 
be pofyffonal, or simply a polygon. 

Any circuit can be described, like the periphery of a triangle 
(Art. 12), in two opposite senses. In order that the sense 
of a circuit may be fixed, it is sufficient to know the order 
of succession of tteo points of it, if the circuit is open, and ol 
dree, if it is closed. 

18. A closed circuit without nodes encloses within itself an 
internal finite region of the plane, and divides it from the rest 
of the plane, which is external and infinite. The area bounded 
by the circuit is the measure of the interior rep,on, and it 
is considered to be positive or n^ative, according as it lies to 
the right or left of an observer on the plane, who passes along 
the circuit in the given sense. 

19. PaoPoaiTiON. If ABCD...MNA (Fig. 14) is any closed 
circuit, and apoint in its plane, tken the sum of all the triangles 
(or sectors), 

S = OAB+OBC+ OCD+ ... + OMIi+ ONA, 
is a constant quantity for any posiUon icAaiever of ike pole 0*. 

Pro<f. Let (/ be another point in the plane ; then from the 
proposition in Art. 13, 

O'AB = OAB+ OBO'+OO'A, 
O'BC = OBC+OCO' + OO'B, 
O'CD = OCIi + OSO' + OO'C, 

&c &c. 

0'MN= OMN+ 0N0'+ OO'M, 
O'NA = ONA + OAO' + OO'N. 
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Adding we have, 

O'AB + O'BC + O'CD + ... + 0'MN+ O'NA 
= OAB+ OBC + OCD + ... + OMN + ONA = 2, 
since all the other terms cancel, because they occur in pairs of 
equal and opposite terms, as, for example, Off A and OAff, OffB 
and OBO', and so on. We may consider the magnitude 2 as 




generated by the motion of a revolving line OX (radius vector) 
of variable length, which has one end fixed at the pole 0, 
whilst the other describes the given circuit in the given sense. 

20. If a radius vector T be rotated in a given plane about 
a fixed point 0, and if it pass over any point of the given 
plane, we shall call the pottage, poHtive or negative, accord- 
ing as the radius vector F in passing through is in the 
act of describing a positive or negative rotation. 

Lemma. If a radius vector 0F, moveable in a plane about 
a fixed point 0, starting from the original position &A, 
describes successively the angles a,, a^,SK.., &c...,, and if after 
having passed p times positively, and « times negatively, 
over a given point it returns to its original position A, then 
the difference p—n is independent of the order of succession of 
the angles a. 

It will be sufficient to show, that if we interchange a,, a,^j 
the difference /) — » is unaltered. We are at liberty to suppose 
that the angles a are less than 180°, because if o, were greater 
than 180° we could divide it into parts each less than 180°. 
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If a, and a,^j are of the same sign, the radius vector Y 
will either describe the angle a, + a,+,, or the angle «,^.i + a,, 
hence it will pass over the same positions and In the same 
sense ; and therefore neither p nor « will be changed. 

Now suppose that a^ and a,^, are of opposite sign. Before 
the interchange, let us suppose that at the completion of the 
angles a^i, a,, <'r+ii ^^ moving radius vector takes respec- 
tively the positions ©F^,, &T^, &K+i (Fig- 14a), and after 
the interchange at the completion of the angle o,+, let it take 
up the position Y/. Then, if the point lies in one of the 




n«. 14* 

angles Y^ 0-I'r+i = ^r-i®^/ = «t+i, the interchange wiU de- 
crease or increase by unity each of the numbers p, n. If, on 
the other hand, lies outside these angles, both these numbers 
will be unaltered. In every ease therefore the difference jtJ—« 
is unchanged. 

CoROLLAET. — The difference p—n is equal to the number 
(positive or negative) of revolutions contained in the sum 
"1 + "2 + ■ ■ ■ 1° f*ct, let K . 360 + y be the sum of the positive 
as,and —(4 360 + y') the sum of the negative a's. Now y and 
y' are each less than 360°, and as the final position of the 
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radius vector Tie supposed to coincide with its original posi- 
tion ^, we must neceasarily have y =y'- Butby virtue of the 
preceding lemma the difference p~n wiU remain unaltered 
if, instead of describing the angles di, a^, i^.&c, in succession, 
we describe the rotation y— Z + AseO" — ^360°, or the rotation 
^360° — ^360° (as the equal and opposite angles y and — y'can 
be neglected) since this leaves the numbers p, n unchanged, or 
increases or diminishes each of them by unity. Now, in describ- 
ing each of the k (or h) positive (negative) rotations, we make a 
positive (negative) passage through the point ; therefore 
p~n = k—A. 
21. TheoBem. Let any given closed circuit whatsoever, in 
a plane, be described in a given sense by a point X, returning 
to its original position, after having passed over all the points 
of the circuit. Take a point in the plane, and let 2 be the 
algebraic sum of the sectors described in succession by the 
radius vector OX Then the sum S remains constant 
wherever may be taken*. 

Let us imagine the plane divided by a close network of 
lines into very small areas, which we shall call elementary areas, 
so small that the circuit does not pass through the interior 
of any one of them, with the exception of those that form part 
of the contour. If while the point X describes the circuit it 
happens that the radius vector OX in passing through certain 
positions changes its sense of rotation, we shall suppose that 
the straight lines forming these special positions of the radiiu 
vector form part of the network. Then it is not possible for 
any elementary area to be partially described by the radius 
vector OX, but it wiU be either totally described or not at all. 
Having premised this, then, during the whole movement of 
the point X in the circuit, let any elementary area whatever to 
be described by the radius vector OX, jo times positively, » times 
negatively. Then the area m will be contained p—n Mmss in 
2, or 2 will be the sum of {p—n) » extending over all the 
elementary areas of the plane. It wUl be therefore sufficient 
to show tiiat the coefficient p—n does not vary with the 
poleO. 

* Db Moboan, Exi»a»itra of the word arta, (Cambridge and Dablin Matb. 
JomiiAl, ToL T. 18S0). ?or the treatment of tbU orgumeDt the autbOT it indebted 
to tile auggealioiu of FrofeMor Gabriele Torelli, of Nl^lea, 
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If we join the point X to a point & taken inside the area 
u, and if we produce the straight line QX beyond @, for 
example, to meet the circuit in T, then it is evident that every 
time the radius vector OX deecribea the area m in one sense, the 
straight line 01^ passes through in the eame sense, and con- 
versely. Therefore the number of times OX passes throagh 
w will be equal, in sense and absolute value, to the number of 
times &Y passes through 0. Therefore if {i—A) 360° are the 
number of complete rotations of the radius vector Y, the co- 
efficient of the elementary area m in the sum S will be i-~i, 
that is, is independent of the pole 0. 

22. A given closed and self-cutting circuit (Fig, 15) divides 
the plane into a definite number of finite spaces <S,, S^,... 
contiguous to one another. Each of these is bounded by a 
circuit without nodes ; bo that the whole plane consists of 




Kg. IS. 

these spaces and of the remaining (extemal) infinite region, 
whidi latter we shall denote by Sg. 

Let M and a»' be two elementary areas or elements of the 
plane, which can be joined by a straight line that does not 
cross the circuit, and let us take the pole upon the con- 
tinuation of tiie straight line w'a. It ia evident that the 
radius vector OX cannot pass over w' without at the same time 
passing over u in the same sense ; to and m ' will therefore enter 
into £ with the same coefficient. The elements «", »'"... have 
also this same coefficient, if the circuit does not pass between 
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<u' and <o", or between <o" and to'", &c Since we can thus 
conjoin all the elements in succession of one and the same 
space 5, therefore all the elements of S wiU appear in the 
sum 2 with the same coefficient c. That is to say, i^ appears 
in the sum S with the coefficient a. If therefore ei,C2,.,. are 
analogous coefficients for the spaces Sy, S^, ..., we have 

if we understand that Si,S^,... at the same time express 
the areas of the spaces represented by these symbols. 

Next let lu, at, be two elements, between which the circuit 
passes once; and let m lie on the right and w^ on the 
left of the circuit which passes between oi and u>i, in the 
given sense. Take the pole upon the continuation of the 
straight line uiw.,.; now if X faraverses that part of the 
circuit which lies between u and &»,, the radius vector OX 
will describe u once with a positive rotation, without describ- 
ing lOj, whilst for all other parts of the circuit the elements u 
and o)] will be described simultaneously in the same sense. 
The coefficient of to will therefore exceed tiiat of to, by I ; 
tiat is to say, if in passing from one space to a neighbouring 
one we cross th.e circuit once from right to left*, then 
the coefficient of the first space exceeds that of the other by 
unity. 

The infinite region 8^ has the coefficient zero ; for if uiq is 
an element, which lies outside the spaces S^, S^, &c...., then it 
is clear, Uiat we can give the pole such a position, that 
the (finite) radius OX never passes through tu^, wherever X 
may lie on the circuit. 

Any space from which we can get to S^ by crossing the 
circuit only once, has the coefficient +1 or —1, according 
as the crossing takes place from right to left, or from left to 
right. In general if we draw from a point in any space S a 
straight line to a point of S^, and if this straight line crosses 
tiie circuit m times from right to left and n times firom left to 
right, then the coefficient of 5 is equal to «t— n. 

28. If the circuit has no nodes, we have a single finite space 
8, and this has the coefficient -f 1 or — 1, according as the 

* Frrau right to left is always to be taken in tiie seme ot a penon dewiribiiig 
tile dronit in the giTea leuw ; the partietilar aeiue if intliaated in the Sgnre 
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circait has been aeseiibed pomtively (Fig. 15 a) or negatively 
(Fig. 15S). In tluB caae therefore we have 

^= ±S, 
that is to say, If tie circuii m not a lelf-cutiinff-one then the mm 
1, U the area of the tpace encloied bg the circuU. 




Kg. ISO. 



Fig. 16 1. 



Thia property naturally leads ub to consider the sum 2 ae 
defining the area of any self -cutting circuit*. 

24. A self-cutting circuit can be decomposed into circuits 
which are not self-cutting, by separating the (curvilinear) 



angles, formed by the branches which intersect at each node, 
without altering at all the sense (i. e. the direction of the arrows) 




of the branches themselves. Consider, for example. Figs. 1 6 
and 17; in each a self-cutting circuit is resolved into two 

* Besides the paper bj Db Mobqah preriously mentioned, see MiiBlua, Ueier 
die Bestimmutig dei InhalU eintt Polgedtrt [Beriolite dsr Kiinigl. Sitdu Geaellech. 
der WissBiiHclmflBQ zn Leipiig, 18fl6), { 13 Mid foUowingi Gei. Werke, Bd. 2.] 
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simple onea ; also Fig. i8, where a self-cutting circuit is 
resolved into four simple ones. 

The spaces with negative coefficients are in thia way 
separated from those with positive coefficients; and of two 





Xlg. iSa. 

spaces whose coefficients have the same sign, the one whose 
coefficient is greater in absolute value, lies wholly within 
the other. Thus, for example (if we denote by S, the space 
whose coefficient is r), 5^ is inside S^; ^3 inside S^,.,., S-2 
inside^.j Hence it follows that the axea 2 can be ex- 
pressed as a sum of spaces, which all have positive or negative 
unity for their coefficient. For this purpose it is sufficient to 
take the area S^ once for itself, and once more with the 
area Sr_i, within which it lies; that is to say, we sum the 
spaces S, and S,_j + S, instead of 2S^ and S^i, and so on. 
Consider for example (Fig. iS) where the area is equal to 
-^8 + (\ + -S3) + (^i + -Sa + Sj) - 5.1*. 
By the area of a system of closed circuits we understand the 
algebraic sum of the areas of the single circuits. Thus, for 




example, the ling inclosed between the two oval curves in Fig. 
19 is the area of the circuits A£C', A'C'B'; on the other hand, the 

* CuLMAHS, OraphUcbt SUUik, 2d ei (Zflrich, 1875). N'. 26. 
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area of the cirouitB A EC, A'B'C (of Fig. 20) is equal to that ring 
plus twice the internal area A'B'C. In both caaes we can sub- 
stitute for the two circuits a single on&AA'C'B'BCA(Y\g. 19) or 
AB'C'A'BCA (Fig. 3o), where the points B, B' ktb considered 
as infinitely near to A, A' respectively. In (Fig, ai) the two 




circuits intenect; the area of the aimaiia ABO, A'B'C is equi- 
valent to that of the circuits AA'B'C, ABB'C. In Fig. 31 the 
area of ttie circuits ABC, A'B'C is equivalent to that of the 
circuits ABA'B', AC'A'CA. The two circuits can, in each 
case, be replaced by a single one. 

26. If the two closed polygons CBE ...M,G'D'E'...M',mtk 
plane, have their sides CD, CD', BE, D'E,' ... MC, M'C re- 
spectively equipollent, the sum of the paraUelogratos CBD'C 
3)EE'J)' ... MCC'M' is zero. It will be sufficient to prove 
this for the ease of the triangle CBE. 

Taking B as the pole of the contour CC'B'E'E, we have 
from the theorem of Art. 19,^ 

BCC-^BCB'^BB'r-^BE'E^-BEC = CC'B'E'E. 

But the two first triangles together form the parallelogram 
BCC'B'; similarly the tiiird and fourth triangles form the 
parallelogram EBB'E'. Also 

CC'B'B'E-BEC = CCB'E'E-B'E'C = E'ECC, 
which is a parallelogram. 

Wherefore : 

BCC'B' + EBB'E' + CEE'C = 0. 

From this it follows that if CBE ...Mia a closed polygon 
whose n ades are the bases of n triangles whose vertices are the 
points A^ A J ...A^ respectively, (which are taken anywhere in 
the plane of the polygon,} the sum of the triangles 

AjCB + A^BE+...+A^MC, 
does not change when the polygon is moved parallel to itself in 
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its'plane. In fact, if C'D'E' ...M' ib another polygon, whose 
aides are equipollent to those of the given one, we have 

A^ DE=A^D 'E' + D 'EE', 



A^MC= A^M'C'+M'CC; 
BQmming up we have, 

A^CD + A,I)E+...A^MC=A^C'H' + A^D'E'+..., 
because, as we have shown above, the sum 

2[C'DD'+J)'EE'+...M'CC'] 
ia equal to zero. 

36. Theorem. ^ the rectilinear segment* AiBj^, A^B^, 
A^Bg, ... A^B, of ffiven magnitude and pontion in a plane are 
. equipollent to the tidet of a polygon, (i. e. of any rectilinear doted 
circuit, whether telf-cutting or not), then the eum of tie trianglet 

0^1^,+ 04,^3+ 0Jb_B3 + ... 4- OA^B„, 
it comtant wherever the pole may be taken, at a finite dittance. 
But if the given tegments are not equipollent to the sidet of a closed 
polygon, then thit turn it not conttani except for tuch points 0, at 
are equidistant from afimed straight line*. 

Proof. Construct the crooked line CDE . . . Mlf, of which the 
Buccesaive sides CJ),DE, ... MN'^re respectively equipoUeut to 
the given segments ^^i, A^B^, A^B^, ... A^B„; so that the 
figorea A^B^DC, A^B^EB,... , A^B^NMare paraUelograms. 
Then from (Art 16), 

OA^Bi= OCD-A^CB, 
0A^£^= ODE-A^SE, 

&o. &c. 

OAA= OMN~A,MN, 
and also &om the proposition in Art. 19 

OCIi+ODE+... OMN+ ONC = CDE... MNC, 
hence by addition we have 

0Ji5, + 0^ji?j+... +0J,5,= CDE...MNC-\-OGN 

-{A^CB + AjBE + ... + A„MJf). 
If the given equipollent segments form a closed polygon, 
that is, if the point N coincides with C, then the area of 0C7f 
is zero, provided that the point remains at a finite distance, 
and therefore the sum OAj^Bj^+ 0AjB2+ ... + OA^B, 

* Afollonxus, Loot Plant, lib. 1. L'Hdiubb, PolygvaotrUtrit, 17S9, p. 92. 
UttBiDS, Stntet, { IS. 
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haa a value independent of the poBition of 0. Hence it 
follows that, in the speci&I case where CJV is zero, the ahove- 
mentioned sum either has the value zero for every point of 
the plane, or else it vanisheB for no single point (lying at a 
finite distance). 

If N does not coincide with C, the above sum will remain 
unaltered, so long as the area of the triangle OCN does not 
alter ; that is, so long as the point remains at the same 
distance from the straight line CiV. 

If we change this distance, and take a new pole 0', we shall 
have 

O'A^Bi + 0'J^B2+- + 0'A^B,= CDE... NC+ O'CN 

-(A^CI> + A^BE+...+J„MN). 

Take the pole 0' at such a distance from CN', that the 
area of the triangle O'CN is equal to 

A^CB+A^BE+...+A,MN~CB£...NC, 
then the sum 0'A,Bi + 0'A2B^ + ... + 0'A,B,= 0. 

The straight line (parallel to C7f), which is the locus of those 
points 0' for which this sum is zero, we call r. If we take 
the point C, i.e. the arbitrary initial point of the crooked line 
CBB ... , upon r, then the area of 0'CNi& zero, and therefore 
tiie sum of the triangles 

A^CB + A^J)E+...^A,MN 
is equal to the area CBE . . . MNC. If we keep to this choice of 
C, i, e. if we agree that C shall be a point in the line r, then 
for any point whatever we shall have 

OAiBi^-OA^B^-^... = OCN. 

27. Conversely, if the sum OA^B^, OA^B^, &c. ... is the 
same for every point in the plane, tie segments AjB^, 
A^B^, &c. ... are equipollent to the sides of a closed polygon. 
If there are two segments, they will therefore be paraUel, 
equal, and opposite in sense. If we take the point on one 
of them, we see that the sum is half that of the parallelogram 
formed by the two s^inenta. 

38. In the special case/where all the given segments meet 
in a common point C, the sum of the triangles 

AiC2) + A^BE+...+A,MN, or g\s&CBE+... + CMN 
is identical with the area of the polygon CDE ...NC (Art. 23); 
and therefore the common point C must also be a point in the 
straight line r. This is tantamount to saying that in this case 
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r coincides with the straight line CN, which joins the ex- 
tremities of the crooked line CUE . . . MN. 

The same conclusion holds good if the given segments lie 
upon straight lines, which all intersect in the same point C ; 
since we can suhstitute for the triangle OJ^B^ the triangle 
0C£'^, because the segments A^B^ and CB'^ lie on the same 
straight line, and are equal to one ^lother in magnitude and 
similar in direction. 

39. From this property of the straight line r, for the case 
where all the segments lie upon straight lines which meet 
in the same point, we obtain a construction for the straight 
line r in the general case, when the segments lie anywhere 
upon the plane. 

Let C be the point in which ^, Bj^ and A^B^ intersect. With 

C as the initial point construct the triangle CUE, whose sides 

CB, BE are. equipollent to the straight lines A^B-^^, A^B^ ; then 

from what has just been proved for every position of the point 

OCE = OA,B^+ OA^B^. 

Now let P be the point, in which CE cuts the straight line 

A^Bs ; with F as initial point construct the triangle PQB, whose 

sides PQ, QS are equipollent to the segments CE, A^B^, then 

OPIt= OCE+OA^B^= OA^B^+OA^B^+OA^B^. 

And so we proceed continually until we ultimately reach a 
segment AB such that 

OAB = OA,Bj-i-OA^£^ + ... + OA,B,. 
This segment AB lies on the required straight line r, and ia 
equipollent to the straight hne CN, which joins the extremities 
of the crooked line CDE ... MN, whose sides are respectively 
equipollent to the given segments. 

30. As in the general case, when CN is not zero, all the 
points 0, for which the sum 

OAiB^+OA^B^-^... OA,B^ 
has the same value, lie upon a fixed straight line (par. 26), so 
there is only one straight line r, the locus of the points 0, for 
which the above sum is zero. Hence it follows, that whatever 
be the order, in which we take the given segments in the 
above construction, we shall always arrive at one and the 
same straight line r. 
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GRAPHICAL ADDITION. 

8L To geometrically add or combine a number of Begments 
1 , 2 , 3 , . . , , » given in direction and magnitude, we must con- 
struct a polygonal circuit, whose sides, taken in order, are 
equipollent to the given segments (Fig. 23). 

The straight line ti n which joins the first and last 

points of the circuit so constructed, is called the geometrical turn 




Fig. 34. 



Fig. ; 



or reeuliant of the given segments * ; and these are called its 
compmetUt. If the given segments are all parallel to one 
another, the polygonal circuit reduces to a straight line, 
whose successive segments 01, 12, 23, ... (Fig. 24), or 11,22, 

netodo (Boma, 
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, (Fig. 25) are respectively equipollent; to the given 
In tiuB case the resultant of the given segments is 
identical with their algebraical sum. The two figures show 
two different methods of denoting a aeries of segments which 
follow one another consecutively upon a straight line. 

83. From the definition given_ above, it follows that the 
resultant «j „ of the b given segments 1,2, 3, ...,« is iden- 
tical with the resultant of the two segments *i r »,+i ■> of 

which «i , is the resultant of the first r given segments, and 

'r+i, --.n ^^ ^^ "—'' remaining segments. For since the 
straight lines «{,.., ,» and <i,...,r start &om the same point as 

the segment 1, and the straight lines «j „ and 1^+1, ■■■.'^ ^^^ 

in the same point as (he segment m, therefore the straight line 

*i H begins at the some point 

with »i,...,r Bui ends at the same 
point with «,+i „. 

Fig. 26 corresponding to » = 8, 
and r = 5, shows that the result- 
ant of the segments 1,2,8, 4, 6, 
6, 7, 8 coincides with the geo- 
me^cal sum of two components, 
one of them the resultant of the 
segments 1, ...,6, the other the 
resultant of the segments 6, 7, 6. 

From this we infer that, if we 
divide the given segments [always 
taken consecutively, i.e. in tixe 
given ordOT] into any number of groups, and if we sum the 
segments of each group, the sum of the partial resultants 
thus obtained will coincide 
with the resultant of all the 
given segments. . 

33. Tiere»uliaatofa»ttni6er 
ofgivea tegment* is independent 
of the position of the point m- 
tvmed a» tie initial point of 
tie circuit. 

In fact the circnits drawn 
from two different initial points, and 0,, are equal 
similar and similarly situated (congruent) figures, and the 




Fig. 36. 
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second may be found b; moving the first parallel to iteelf, ao 
that each of its points describes a straight line equipollent to 
the straight line 00^ (Fig. a?). 

34. Theobem. TAe reutltant «i,...,nof several given Kgmenti 
1, 2, 3,,.., n M independent cf tie order in which they are 
comhined. 

Proof. We begin by proving that two consecutive seg- 
ments, for example 3 , and 4 (Fig. a8), can be interchanged. 
In the given order, the resultant 
of all the segments is also the 
resultant of the three partial 

resultants «i.!,»s,4, «6 >■■ ^ 

like manner, in the new order, 
the resultant of all the segments 
will be the resultant of the par- 
tial resultants «t,i, «^3, «g „• 

But «s, 4 and ««,! are the same 
straight line, namely the dia- 
gonal of the parallelogram, which we obtain by drawing first 
two consecutive segments equipollent to the given ones 3, 
and 4, and then, starting from the same point, two other 
consecutive segments equipollent to the same given seg- 
ments with their order changed 4 '3'. Thus the intei-change 
of the segments 3, and 4 has no influence on the required 
resultant. 

If we interchange first 3 and 4 , then 3 with 6 , and finally 
5 and 4 , the total effect is the same as if we had interchanged 
3 and 5 (Fig. 39). In gen- 
eral we interchange any 
two non- consecutive seg- 
ments we please by means 
of interchanges of conaeeu- 
tive segments. Therefore 
the resultant of any num- 
ber of segments is unal- 
tered if we interohemge any 
two segments we please ; 
or the resultant is inde- 
pendent of the order in 
which the segments are taken to form the figure. 




Fig. J9. 
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Fig. 30 shows several circuits, conatructed with the same 

segments, taken in the different orders 12345, 13254, 
15234. 




Fig. 30. 



85. If a closed circuit can be constructed with the given 
segments, then from the proposition just proved it follows, that 
all the circuits obtained by changing the order of the seg- 
ments have this same property. In this case the resultant 
of the given segments is zero, or 

The resultant of any number of aegmentt mmsiea when they are 
equipollent to the tides of a closed polygon. 

The simplest case in which the resultant vanishes is that of 
only two segments, one of which is equipollent to the other 
taken in the opposite sense. 

30. If, out of some of the segments whose resultant is 
required, a closed polygon can be 
formed, then all these may be neg- 
lected without affecting the required 
r^ultant. 

In Fig. 31 the resultant of the seg- 
ments 1 ... 9 coincides with that of 
1,2,8,9, because the resultant of 
3,4,5,6,7 is zero. 

If the component segments are in- 
creased in any given ratio, then the 
resultant is increased in the same 
ratio, without changing its direction. 

87. Two series of segments have equal (' 
ants, if, after constrad»ng the corresponding circuits starting 
&om the same point the final points of the two circuits coincide 
(Fig. 3a). If we combine the segments of the one series with 




Fig. 31. 
lipollent) result- 
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tiioBe of the other (aken in the opposite Bense, the total 
resultant is zero. 

38. Two Beriee of segments have equal resultants, hut of 
opposite sense, when, the corresponding polygonal circuits heing 

80 constructed that the initial 
point of the second coincides 
with the final point of the first, 
the final point of the second 
also falls on the initial point of 
the first. If we combine the two 
series of eegmenta, their total 
resultant is zero. Conversely, 
if the resultant of several seg- 
ments is zero, and if we split 
them up into two distinct groups, the resultant of the one 
group is equal, and of opposite sense, to that of the other 
group. 

39. Subtraction is not a distinct operation from addition. 
To subtract a s^:ment 1 from a segment 2 is the same as 
adding to 2 a segment equipollent to the segment 1 taken in 
the opposite sense. 

40. If two series of segments have equal (equipollent) 
resultants, by adding to, or taking away from, both the same 
segment, we shall obtain two new series whose resultants will 
also be equal (equipollent}*. 

41. Qiven a segment AB (Fig. 33}, and a straight line r \ then 
if we draw through A and B in any arbitrarily chosen direction 

two parallel straight lines to 

g meet r in the points A ' and B ', 

^r""' \ the points A', B' are called the 

pryectiotts of the points A and 

' B, and the segment A'B' the 

projection of the segment AB. 

The straight lines AA' BB' 

are called i^% projecting ray%. 

The projections of two equipollent segments are themselves 

equipollent (so long as we neither change the direction of r, 

nor that of the projecting rays). 

* The properties of Art. 32 and Art. iO can be both deduced iritbont fnrtlier 
proof &om ttioee of Art. 30. 
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42. Let ABC ... MNA be a dosed circuit (Fig. 34), and 
A ', B', C, ... M', N' the projections of its vertices ; then since 
A', B', &c. are poiats in a straight line, it follows, from (Art. 4), 
that A'B'-\-B'C'-^... M'N'-\-N'A'= ; i.e. the turn of the pro- 
jections of the tides of a closed circuit is zero. 

het AyB^, J^B^, ..,,A„B„^3e n segments in a plane, whose 
resultant is zero, that ia to say, n segments which are equal in 
magnitude and direction to the sides 
of a closed polygon. Then since the 
sum of the projections of the sides 
of a closed polygon is zero, and since 
the projections of two equipollent 
segments are equal, therefore the 
sum of the projections of the given 
segments will vanish. 

A number of given segments to- 
gether with a segment equal, but 
of opposite sense, to their resultant, pv. 34. 

form a system of segments whose 
resultant is zero. Hence the following proposition: 

The projection of the resultant of a number of given segments is 
equal to the sunt of their prq;ections. 

From this we at once conclude that : 

If two series of segments have equal resultants, the sum of the 
projecticns of the segments cf the one series is equal to the sum of 
the jtrojections of the segments of the other. 

4S. Let AyB^, A^B^, ,,.,A^B^ be n given segments in a 
plane, whose resultant is zero (Fig. 35). If we take an 
arbitrary point as pole, then we may suppose A^B, to be the 
resultant of the segments A,0, OB,; therefore the resultant 
of the segments ^iO,05i,JjO, OS^,. ..,^0,0^, will vanish 
(Art. 38), i.e. the resultant of tlje segments OAi, OA^, ..., OA^ 
ifl equal to that of the segments OB^, OB^, ...,0B^. 

Conversely. Given two groups of « points A-i^,A^,...,A^, 
and .B^, .Bj, ..., .B, ; if the resultant of the straight lines 
OA^, OA^, ..., OA^, obtained by joining tiny pole to 
the points of the first group, is equal to the resultant of the 
straight lines 0B^, OB^, ..., OB^, got by joining the same pole 
to the points of the second group : then the resultant of the 
segments J,5j,^jB2> ■•■' -^ii-S,, which join the points of the 
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one groap to those of the other, is zero. (It is here supposed 
that the points of the one group can only be properly united 
to those of the other, when no point is left out, or used more 
than once.) In fact it follows from the proposition of Art. 37 
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Fig- 35- 

that the resultant of the s^;ments ^,0, ^0, ...,^,0,05,, 
OB^,...,OB, is equal to zero; but the resultant of J,0 and 
OBf is ^r^ri therefore also the resultant of the segments 
JiBi, A^B^, ...,A.B, is zero. 

44. Hence it follows from the first proposition (Art. 43), 
that when a new pole 0' is assumed, the resultant of the 
segments O'-i,, O'A^, ..., (/A„, is equal to the resultant of the 
segments O'B^, O'B^, ...,0'B,. 

Wherefore * 

I/,for two groups of n pointi Ai,A^, ,..,A^\ B-^, B^,..., B^ 
and a fxed pole 0, the resultant of the segment* OA^, OA^, ..., OA^ 
is equal to the resultant of the segments OB^, OS^, ,,., OB,; then 
the same equality holds for any other pole 0', Moreover the 
resultant of the n segments, which join the points of the one group 
with those of the other taken in any arhitrary order, is equal to zero. 

46. Betaining the supposition just made as to the two 
groups of n points, project them into the points A^, A^, ..., A^, 
B^, B^, , . , BJ on a straight line r by means of rays parallel 
to any arbitrarily chosen direction. Now take the pole 
on the straight line r-f, then we may suppose the ray OA, to 

* Gbasshah. Die Autdtiinutgilehrt (Leiprig, 1844), p. 41. 
\ See Fig. 35, aud iuuigiue tbe Btnught lies r bo dieplaced, tbat tlie points 
Had ff coiudde. 
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be formed by combining the two liues OA', , A\ A,, and bo on ; 
the resultant of the segments OAi, OA^', ..., OA^,A{A^, 
A^A^,...,A^A^ ia therefore equal to the resultant of the seg- 
ments 0B-{, OB^, OBs', ■ . . OB^', Bi'B^ , B^B^ B^B, . But 

(Art. 41) the resultant or sum of the segments 0A{, OA^, .^. 
OA^ is equal to that of the segments 0B(, 0B(, .,., OBJ since 
all these segments are the projections of two other series of 
segments, whose resultants are equal ; 
Therefore 

If for t'wo groupi of n points Ai,A^, Sfn,; B^,B^, ^c. and a 
fixed pole 0,the re»ttltant of the tegmentt OA^, OA^t Sfc, is equal to 
the Temltant of the legmentg OB^, OB^, Sfc, and if toe prefect all 
tie points by means of rays parallel to an arbitrarily chosen direction 
on to the same straight line, i&e sum of lie projecting rays of tie points 
of the one group is equal to the sum of the projecting rays of the 
pomt* of the other group. 

46. So far, we have been speaking of the resultant of s 
numBer of segments, considering onlj their magnitude, 
direction, and sense, but not their absolute position. We shall 
now give a more general definition, which includes the 
one previously given (31), and takes account of all the 
elements of the resultant straight line of a number of given 
segments. 

If « B^ments AyBi,A^B^, ...,A^B,, are given (in sense, 
position, and magnitude) their resultant will mean a segment 
AB of such magnitude, position, and sense, that, for any 
pole 0, the area of OAB is equal to the sum of the areas 
OAjBi+ 0A2B^+ ... + OA^B^ {2G, 30). 

47. For shortness we shall call the triangle OAB, the triangle 
which joins the segment AB to 0. The sense AB of this seg- 
ment shows the way in which the circuit OAB is traced out, 
and therefore shows the sense of the area OAB. 

This being premised, our definition may be expressed as 
follows. By the resultant of a nvmier of given segments, we mean 
a segment such that the area of the triangle lekich joins ii to an 
arbitrary pole 0, is equal to the sum of the areas of the triangles 
ichichjoin the given segments to the same pole. 

Since the area of the triangle OAB does not change, if we 
displace the segment AB along the straight line on which it 
lies, therefore the resultant of a number of segments will not 
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change, if we displace each of them in an arbitrary manner 
along the straight lines on which they respectively lie. 

48. We know already from Art. 26 that if we construct a 
polygonal circuit CDE . . . MN, the sides of which are respect- 
ively equipollent to the given straight lines ^j S^, .,.,A,B^, 
then its closing side NC is equipollent to the resultant AB. 
If the circuit is closed, i. e. UN coincides with C, but if the 
sum of the areas OAi B^ + OA^ B^-t... OA^ B^ is not zero, then 
the magnitude of the required resultant is zero and it is 
situated at an infinite distance. If the circuit is closed, and 
the above sum also zero, tiien the magnitude of the resultant 
is still zero, and its position is indeterminate. In this case 
therefore it may be asserted that the given series of segments 
has no resultant. 

49. But if C doee not coincide with N, then the problem 
is uniquely solved by a segment AB of finite magnitude, 
situated at a finite distance. As we already know its magni- 
tude, its direction, and its sense, it will be sufficient, in order 
to completely determine its position, to find one point in the 
straight line of which it forms a part. For this purpose we 
may use either the construction in Art. 29, or else the mnch 
simpler one following (Fig. 3 




Kg. 36. 

We begin by constmcting a polygonal drcuit, with its sides, 
which we shall now denote by 1, 2 «, respectively, equi- 
pollent to the given segments ; then their resultant is equi- 
pollent to the segment , which closes the circuit, taken in 
the opposite sense, i.e. it is equal, but of opposite sense, to 
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the segment -which joins the finaJ point of the eide n to the 
initial point of the side 1. We now choose at pleasure a pole 
U, and draw from it the rays (7?,,,, UT^^, ..., UF^g* to the 
vertices of the circuit ; where ^.(+i means the vertex which 
is the final point of the side i {equipollent to JiB^), and the 
initial point of the side i+l (equipollent to J4+1 5j+,). 

We next construct a second polygonal circuit with its 
vertices 1, 2, ..., m lying respectively on the lines to which 
the segments AiB,, A^B^, ..., A^B^ belong, and with its 
sides 01, 12, ,„, mO respectively parallel to the rays VT^i, 
VVy^, ..., UV^^. The extreme sides 01, aO of this polygon will, 
if snfdciently produced, meet in a point which lies on the 
required line of Uie resultant f . 

Proof. We suppose the segment A^B^ to be resolved into 2 
others, situated in the sides 01, 12 of the second polygon, 
and equipollent to the rays ^g,^, VF^^ °^ ^^^ first; in like 
manner we suppose the segment A^B^ resolved into two 
others, situated in the sides 12, 23 of the second polygon, 
and equipollent to the rays f,3 U, UT^ of the first ; and so on, 
till finally A^B„ is resolved into two segments situated on the 
sidesM— 1-», mO, and equipollent to the ray8.?„_, _^U, Vf^^. 

If we take any pole 0, then the area of the triangle, which 
joins it to one of the given segments, is equal to the sum of 
the two triangles which join its two component segments 
to the same pole ; and consequently the resultant of the n 
given segments A^Bi, A^B^, ..., A„S^ coincides with the re- 
sultant of the 2 n component s^ments into which the given 
ones have been resolved. Now the first of these 2 n segments 
is situated on 1 , and equipollent to ^^ U, and the last is situated 
on ttO, and equipollent to Uf^g, whilst all the rest, 2 («— 1) 
in number, are equal to one another in pairs, are of opposite 
sense, and are situated on the same side of the second polygon. 
For example, the second and third component segments lie 
on the side 12, and are respectively equipollent to VT^^ and 

The areas of the two triangles, which join these pairs of 
s^^ents to 0, are equal to one another but of opposite 
sense ; the resultant of the given segments is therefore no other 
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than the roaaltant of the first and last component segments, 
of which the firat is situated in 01 and equipollent to ^(,,(7, 
and the other is situated in xO and equipollent to Uf^^. 
But the resultant of two segments passes through the common 
point of (Art. 28) the straight lines to which they belong, 
therefore the required resultant passes through the common 
point of the two extreme sides 01 , nQ of the second polygon. 

60. If the pole U were taken in a straight line with the 
two extreme points V^, V^^ of the first polygon, then the 
two extreme rays Uff^, UJ^^ would coincide, and therefore 
the two extreme sides 01, «o of the second polygon would be 
parallel. In this case therefore the construction would not 
give a point at a finite distance in tlie required resultant. 
Sut this inconvenience could at once be remedied by choosing 
a new pole U' not lying in the straight line ^ , ^g and then 
proceeding as above. 

61. Even if that is not so, it may happen (Fig. 37) that the 
points ^0 and T'^ ccdncide, and then, wherever U may be, 




. Kg. 37- 

the extreme rays coincide, and therefore the sides 01, »0 
are either parallel or coincident. If they are parallel, the 
sum OAi£i + OA^Ii^ + &c. is equal to the sum of the two 
triangles whose conmion vertex is 0, and whose bases are 
equipollent to the equal and opposite rays ^, U, Uf^ and 
lie in the sides 01 , aO, or is equal to the half of the parallelo- 
gram (Art. 16), of which those bases are the opposite sides. 
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In this caae the resultant Ib zero and situated at an infinite 
distance ; and the sum OAjBj + &c. has a constant value not 
zero, wherever (at a finite distance) the pole may lie. 

52. If, on the contrary, the sides (Fig. 38) 01, nO coincide, 
i.e. if the opposite sides of the parallelogram coincide, then the 
sum OA1B1+ OA^B^ +&C. vanishes for every position of the 
pole 0. In this case any one segment taken in the reverse 
sense is the r^ultant of the remaining (n— 1) segments. 

63. If we take the given segments A^B^, A^B^, ... all parallel 
to one anotiier, then the first polygon V^i f-^^ V^ ... f^^ 
(J^ig- 39) reduces to a straight line, but the construction of the 
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Fig. 38. 



second polygon is just the same as in the general ca^e. The 
resultant is parallel to the components. 

64. If there are only two segments AiB^iA^^, the con- 
struction may be simplified as follows (Figs. 40, 41}. In the 
unlimited straight line A^Bi . . . take a segment CD equipollent 
to A^B^, and in the unlimited straight line ^^^j ... a segment 
CJ/ equipollent to A^By Then the common point of the 
straight lines CJ/, and CD lies on the required resultant. For 
if we draw I/B parallel to CD and join to E, then C, D, E 
represent the vertices JJ,, T^^, V^ of the first polygon, and 
takes the place of the point U ; the points i/, B are the vertices 
1, 2 of the second polygon, which is here represented by the 
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triangle OI/S, and repreBenta also tlie point of intersection 
of the extreme sides of this second polygon. 



Fig. 40. 



Fig. 41. 



From the similar triangles OCB, OJXCf we have 
OC'iOD^CJ/iSC 

that is to say : 

The ratio of the dUtancet of tie remltarti of two parallel tegmenta 
Jrom these segment* w the negative reciprocal of the ratio of the 
component tegmentt. 
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GEAPHIOAL MULTIPLICATIOK. 

BB. To ittuUipli/ a straight line a by the ratio of two other 
straight lines l:c, we must find a fourth straight line x such 
that the geometrical proportion holds : 
c:b = a:z. 

For this purpose it is sufficient to construct two similar 
triangles Oi^and (/PQ, with the following properties. 

In the first there are two lines (two sides, or base and 
altitude, and so on) equal or proportional to c, 5 ; and in the 
second the line homologous to c is a ; then w is the line in the 
second triangle homologous to ^ ; or else 

In the first there are two Unes proportional or equal to c 
and a ; and in the second the line homologous to c is 6 ; then 
X is the line of the second triangle homologous to a. 

68. The relative position of the two triangles is purely 
a matter of choice ; and the particular choice made gives rise 
to different constructions. The choice will be ehiefij deter- 
mined hy the position occupied hy the given segments a, b, c, 
or of that which we wish « to occupy. 

(a) In (Fig. 42), for example, the two triangles have the angle 
Oin common and the sides opposite to it parallel. If in them 





we take OP, OM, OL to represent the s^ments a, b, c, then 
Oq = as. But if OL = c, OP = a, LM= b, then Pq = x. 
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(b) In (Fig. 43), on the contrary, the sides opposite to the 
common angle are antiparallel^ i.e. the angles OML and OQP 
are equal (and therefore also the angles OiJtf and OPQ). 

{e) (Fig. 44). We may take c and u to be the altitudes of the 
two triangles ; and then, on the supposition that ^ is a side 
OM or LMot the first triangle, OQ or PQ will be equal to x. 

{i) Or again, let e and a be represented by OL, OP, or by 
OM, OQ, and let 6 be the altitude of the triangle OLM, then m 
is the altitude of the triangle OPQ. 





Kg- 45. 



(e) If (Fig. 45) the lines OM = I and (/P = a are drawn per- 
pendicular to one another, supposing that c>5, we may proceed 
as follows. Construct the triangle OLM, so that the side LM 
is parallel to (/P, whilst the hypothenuse OL = e. Then if 
we draw PQ, parallel to OL, and (/Q perpendicular to PQ, the 
right-angled triangles OLM, O^PQ are similar because of the 
equal angles L and P ; and therefore O'Q = w. 

The straight line (/Q, the orthogonal projection of O'P 
upon s straight line at right angles to OL, is called the Anti- 
jjTOf'eciion of &P on OL. If therefore a and b are perpen- 
dicular to one another, then x is the antiprojection of a upon c. 

B7. To divide a straight line a by the ratio of two other 
straight lines b:c, is. just the same as to multiply a by the 
ratio e:b. 

The division of a straight line a into n equal parts is the 
same thing as multiplying a by the ratio c : b, where c is 
an arbitrary segment, and 6 is equal to c repeated n times. 

If a straight line b is to be divided' into parts, which are 
proportional to the given segments a^, a^, Hg,. ,.,<!„ lying in 
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the same straiglit line, then we have only to multiply these 
segments by the ratio i : c, where c=:ai + a^-i- ... +a^ 
(Art. 59). 

58. If we draw from a centre or pole radii vectores, each 
consecutive pair of which contains the constant angle w, their 
lengths forming the Arithmetical Frogression, 

a,a + b,a + 2b, &c., &c.; 
then their extremities M, My, M^, &c. are points on a curve, 
called the Spiral of ArcAtmedet ; which is the name ^ven to the 
curve described by a point Jf which moves uniformly along the 
radius OJf whilst the radius itself rotates about with constant 
velocity, in such a manner that ilf describes the rectilinear seg- 
ment b in the same time that the radius OJf describes tlie angle a>. 

If we take the angle a small enough, we shall obtain 
points sufficiently close together to be able to draw the curve 
with sufficient accuracy for all practical purposes. 

After we have drawn the Spiral of ArcAimedet, we are able 
to reduce the problem of dividing an angle to that of the 
division of a straight line. For if two radii vectores are drawn, 
which enclose the angle we wish to divide into n parte pro- 
portional to » given straight lines, we need only divide the 
difference of the radii vec- 
tores into tt parts propor- 
tional to the same magni- 
tudes ; and then the dis- 
tances of the point 
from the « — 1 points of 
division will be the lengths 
of the n—\ radii veetorea 
to be inserted between 
the two given ones, in 
order to obtain the divi- 
sion of the angle. Fig. 46 
shows the division of the 
angle MOM^ into five 
equal parts*. 

69. Ifseveral segments ^5, ^C, ...,BC, ... of a straight line 
u have to be multiplied by a constant ratio i : c, the problem 

* pAtPDS, OolUcHonei Xalhtmaticae, Lib. iv. Prop, n, mv. 




Fig. 46. 
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- = ... = - hold. 



resolves itself into finding a series of points ^', B', C, &c. on 
another straight line u' ; such that the equations 
A'S'_ A'C_ S'C 
AB~ AC~ BG^ 
The straight lines ii, u' are called timilar pomt-rotut, and the 
points A and A', B and B',.,,, and also the segments AB and 
A'B"..., are said to be cmresponding. 

QO. If the straight lines u, 
u' are parallel (Fig. 47), then 
all the joining lines AA', BB', 
CC, &c,, pass through a fixed 
point (the centre of projec- 
tion). If, for example, we make 
AP = e, A'l" = b, then AA' and 
PP" give by their intersection 
the point 0, and every radius 
vector drawn through the point 
cuts « and w" in two corre- 
sponding points. 
61. If u and u' are not parallel (Fig. 48), and if their common 
point represents two coincident corresponding points A and 
A', then the straight lines BB", CC, &c. are all parallel to one 
another. The common direction of these parallel lines may be 




Fig. 47- 




Fig.48. 
found, for example, by taking AB = c, A'ff = 6 ; then every 
straight line parallel to BB" outs u and 1^ in two corresponding 
points. 

62. If, finally {Fig. 49), a and u' are not parallel, and their 
common point represents two non-corresponding points P, Q', 
then all the straight lines AA', BB', CC',... are tangents to the 
same parabola. If, for example, we take PQ = c, P'Q' = b, 
then the parabola is determined from the fact that, it must 
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touch « in Q, and k' in i". Every tangent of this parabola 
cuts «' and it in two corresponding points. 

In order to obtain pairs of corresponding points, such as A 
and A', S and B', &c., we need only draw from the different 



^^xr^ 






^" 






\j 


\ 


A 

s 



Fig. 49. 

points A", B", &c. of the straight line P'Q, the straight lines A" A, 
B"B, &c. parallel to w', and the straight lines A"A\ B"B', &c. 
parallel to u. For then clearly we have 

A'B' _ B'Q' AB _ FQ , 
A"B" ~ T^' A"B" " P'Q' 
A'B' _ B^ _ 5 
AB - FQ -c 



and therefore 




Pig- so- 

If we wish to avoid drawing parallels* it is sufficient to 
consider two tangents (Fig. 50) of the parabola as given, i. e. 
two straight lines w, u", in which two similiar point-rows (they 

* CoFBiHBBT, Ze cahal par la traii (Pwru, 1840), p. 20. For anoiher method 
of eolving this pToblem »« Sacbsbi, Sal traceiamenU) dellt prndeggiaie pryetUve 
limiti (Atti deU' Aocademia di Torino, NoTembre, 1873). 
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may be equal) ABCBE, ...,A"B"C", &c. are bo situated that 
the eommon point of the two straight lines represents two 
non-corresponding points E, A", and that the segment AE of « 
[which is contained between the parabola and »"] is equal to 
the denominator c of the given ratio. If we want now to 
multiply the segmente of » by the ratio i : c, we must place a 
line A'E' of length b between » and u" in such a manner that 
it joins two correBponding points BB", Then the straight 
lines CC", BB", fee, which join corresponding points of v, and 
tt", determine upon AlW the required segments 
B'C:C'B':B'E'',A'E'=. 
BC iCL : BE: AE. 
If, for example, it were required to divide a given length 
SE into n equal parts, we should draw through B the straight 
line «', and lay off on it »+ 1 equal segments, 

A'B'^ B'C'= C'B', &c. ; 
then having joined £ to jB' we should, in hke manner, lay off 
npon the joining line «", m+ 1 segments each equal to EE', or 
A"B"= B"C"= C"B"= &c., &c The »+ 1 straight lines CC", 
B'B", &o., &c- will meet BE in the required diviaion-pointa 
C, B, &0. 




Kg- 51- 



68. Let (Fig. 5i)ai, (rj,...,(i,be n segments given in nu^ni- 
tude, direction, and sense, which have to be respectively 
multiphed by the ratios 

«i h fc K 

We construct a polygonal circuit ii, whose sides are re- 
spectively equipollent to the given s^ments a,, dj, &e., and 
call its successive vertices 1, 12, 23, ... n—\.n, n, beginning 
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at the initial point of the first side a^ and ending with the 
final point of the last side a^. 

Then wo construct two other circuits ij and ij„ ; of which 
the first is formed by the m straight lines 1, 2, ...,n respectively 
parallel to the sides of Pa, and at the respective distances (?,, 
e2,...,c^ from them, each measured in a constant direction which 
may he fixed arbitrarily, provided that c, be not parallel to a, * ; 
and the second F^^ must have its vertices 1 , 2 , ...,n respect- 
ively upon the sides of ^, and its sides 1, 12,23, ...,»— l.m,»t 
must respectively pass through the similarly named vertices 
of Pa- 1^6 combination of these three circuits is called ' the 
First Figure.' 

Now construct a ' Second Figure,' which similarly consists 
of three circuits P,, Pb, Pa,, having the following properties 
(Fig. 510); 



1. The aides of ij, are respectively parallel to the sides of 
Pa ; the sides of ij parallel to those of ij (and therefore to 
those of Pa and P^) ; the sides of P^ to those of P„„. 

2. The distances of the sides 1,2, ... , » of P^ from the 
similarly named ones of P^ are di,Sj, ... , 5» measured parallel 
to the distances Ci,c^, ..., c,. 

3. Each of the vertices 1, 2, ,.., n o{ P^ lies on the 

* According m », !■ pontive ot negative, we draw the atrught line r to the 
rightorleftof apergonwho tfavela along a, IntkeaenBe belonging to that B^me&t. 

t The side I ii that which goea through the Tertei 1 ; the aide 12 joina the 
veiticeil,2;... ; the side a pane)) throagh the vertex ». Inordertocoiutructthii 
poljgon, we <3*n take the side 1 at pleasure, provided it pasaea throogh the vertei 
IrfP.. 
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similarly named aide of JJ, and each of ita sides 1, 12, 23, 
...,n—ln,n must pass through the Bimilarly named vertex 
ofP,. 

In order to construct the ' Second Figure ' we may, for ex- 
ample, proceed thus. The vertex 1 of ii ia taken arbitrarily, 
and through it two straight lines are drawn, respectively 
parallel to the side a^ of JJ.and the side 1 of P^- These 
determine the positions of the side 1 of ij and the side 1 of 
P^. If now, at a distance ij from the side 1 of ij, a straight 
line is drawn parallel to this side, then this line will be the 
first side of JJ, and the point where it meets the side 1 of ^ 
will be the vertex I ot P^. 

From this point draw (parallel to the side 12 of i„) the side 
12 of P^, then the intersection of this with the side 1 of 
P^, will be the vertex 12 of P^. From this point we draw the 
side 2 of the polygon P^ in the direction of the segment a^ , 
and afterwards the side 2 of Pi, in the same direction, but at a 
distance i^ from it, then the intersection of this with the side 
12 of iifii gives the vertex 2 of i^, and so on. 

The polygon i^, whose sides we shall call a^j i a^a ' ■ ■ ■ > "^i' 
gives the result of the required multiplication. For the 
triangle, which has x^ for its base, and for its opposite angle 
the vertex r of P^, is, on account of the parallelism of the 
sides, similar to the triangle of the ' First Figure,' which has 
a, for base, and the vertex r of 1^^ for the opposite angle. The 
dimensions of these triangles in the chosen directions are i,, c„ 
and therefore 



64. With regard to the sense of the segment as, we remark, 
that the two triangles are similarly situated when c, and h^ 
have the same sense, i, e. when the vertices t lie both to the 
right or both to the left of the bases (a,, or x^ respectively 
opposite to them ; if, on the contrary, c^ and i, are of opposite 
sense, then the two triangles have opposite positions. For this 
reason in the first case the segments a, and x, are of the same 
sense, in the second case of opposite sense. Hence it follows, 
that the segments x are placed consecutively taking account 
of their sense, i.e. in the way which is required by Geo- 
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metrical addition, Wterefore their resultant, i.e. the re- 
sultant of the segments «,•-, will be, in magnitude, sense, and 

direction, the straight line which closes the polygonal contour 
ij (Le. the straight line which joins the initial point of ajj to 
the final point of «,). 

66. Special cases. 

Let all the segments a become parallel ; then each of the two 
circuita F^ and P, reduces to a rectilinear point-row (Fig. 52) 





Pig- s»- 



Big. s*"- 



and each of the circuits 7J and ^ becomes a pencil of parallel 
rays. That is to say, the construction reduces to the following. 
We set off the consecutive segmenta 01=0^, 12=a^, 23=0^, 
&c., along a straight line a ; parallel to this line and at 
distances Ci,e^, e^,...,e^ (measured in some constant direc- 
tion, different from the direction of the n's, but otherwise 
axbitrary) we draw as many straight lines 1, 2, ... , «, which we 
may consider as rays of a pencil whose centre lies at infinity ; 
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then draw a polygonal circuit, with ita vertices 1 , 2,...,n on 

the similarly named parallel rays, and with its sides 01 , 12, 

23, ..., «— 1 n, n passing through the corresponding points 

0,1,2, ..„ n of the point-i-ow a [i.e. through the extremities 

of the B^^ents a^, a^, ..., a,]. 

Now construct Oie second figure, by drawing, first, a pencil 

of rays 1, 2, .,,, n, parallel to a, and at distances d,, b^, ,,., 6^ 

respectively &om a straight line x (also parallel to a); and 

then a circuit whose sides are respectively parallel to the 

Hides of the first polygon, and whose vertices fall on the rays 

of the second pencil The segments 01, 12, 2 3, &c. of ar, which 

are enclosed between the successive sides of this new polygon, 

will be 

^ h *a i, 

ir, = Bj . — , jFj = a^ ■ — , a's = ij ' — . &C-. respectively, 

"l "s "i 

and the s^ment, that lies between the side r~l-r and the 
side « ■ « -f 1 1 is equal to 

In the case Just considered it is an immediate deduction 
from the remarks made about the sense of the segment x„ 
that two segments «,, «, have the same or opposite sense, 
according as amongst the three pairs a, a,, i^ 5,, c, 0,, an even 
number (none or two) or an odd number (one or three) are 
formed by segments of opposite sense. This agrees with the 
rule of sighs in algebraic multiplication. 

66. If all the c'b become equal, in addition to all the a's 
being- parallel, then the first pencil of rays reduces to a 
single straight line, and therefore all the vertices of the first 
polygon coincide in a single point of this straight line ; i,e, 
the first polygon degenerates into a pencil of rays proceeding 
from a point situated at a distance e from the straight line a. 

In this case the problem may be stated thus. To reduce 
the ^ven producta flj.S,, Hj.ij,..., a,,i, to a common base c, 
by determining the segments Xj, m^, ..,, «, proportional to 
them. 

The solution is as follows (Fig. 53). Draw the rectilinear 

point-row a, whose consecutive segments are 01 = «], 12 =a^, 

* JaSQEK, Dot GrapiUcKe EtAnen (SpeTer, 1S67), p- 15. 
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&0., &C,, and join each of the points 0, 1, 2, ,.., »— 1, n of 
this point-row to a point taken at a distance e from a ; 
the distance being measored perpendicularly, or obliquely 





Kg- S3. 



Kg- 53 *■ 



at pleasure. Then construct a pencil of rays 1, 2 n, 

parallel to a, and at distances h^, b^,..,, 6„ respectively, 
measured in the direction of c from a given line te, also 
parallel to a. Finally, draw a polygon whose vertices foil 
respectively on the above-mentioned parallel rays 1, 2, .,., n, 
and whose sides 01, 12, 23, ..., n~l.n, a are respectively 
parallel to the rays Oo, 01, 02, ..., On— I, On of the pencil 
0. The segments 01, 12, 23, ..., which the sides of this 
polygon intercept upon the straight line x, will be the re- 
quired segments a^, w^, ..., a;,*. 

S7- If instead of all the c's, all the b'a are eqaal, and all the 
a's still parallel, then the problem may be stated thus : 

Qiven the ratios 



to determine segments le^, x^, x^, ..., a;,, proportional to 
them, BO that the product of tiie multiplication of any ic by its 

corresponding ratio - shaU be the constant segments. 
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After we have constructed (Fig, 54) the point-row a, with 
the segments 01 = a^, 12 = a^, &c., and the pencil of rays 
1,2, 3, .„, » parallel to the etraight line a, their respective dis- 
tances from it being c^, c^, c^, &c. (all measured in a constant 
direction), we draw a polygonal cu-cuit, whose vertices 1,2,.,,, 
n fall on these rays respectively, and whose sides 1, 12, 23j ,,., 
«— 1 «, n pasa thi'ough th© simUarly named points of the 
point-row a. 

We then construct a second pencil of rays, diverging from 
a point 0, and respectively parallel to the sides of the poly- 




Fig. 54 a. 
Fig. 54- 
gonal contour ; finally, cut this second pencil by a straight line 
X, parallel to a, and at a distance 6 from measured in the 
direction of the c's. The segments 01, 12, 23... which we thus 
obtain on x are those required. 

The first and last sides of the polygonal circuit intersect in 
a point whose distance irom a in the direction of the c's we 

shall call d, and then we shall have — ;- = 2 - . For it is clear 

a Sx d c 

that 2- = -T-, and from the two similar triangles, one of which 

is hounded by a and the first and last sides of the polygonal 
circuit, and the other by x and the first and last rays pro- 
ceeding from 0, we have -j- — ~7" ■ 

This problem is substantially the same as that of trans- 
forming a number of given fractions. 
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into eqniyalent ones = -r- 1^, &c., with a common denom- 
inator I. 

88. Problem, To multiply a straight line a by the ratios 

Draw (Fig. 55) two straight linea or axes bb, cc which cut 
one another, at any angle whatever, in the point 0. 




From set off along the first axis the Begments b, and along 
fche second the segments c, so that we have on the first axis 

bb: 01= bi, 02 = bj , Oa = b^i and on the second axis 

cc: Ol = (",, 02 = Cg On = c,. Join the homonymous 

points of the two axes, i.e. 1 and 1, 2 and 2, and so on, and 
parallel to the joining lines draw through the same number 
of straight linea /,, l^, ^ &o. (which are only denoted in the 
figure by the numerical index). Two segments b,, c^ with the 
same index, and the line tt which joins their final points, form 
a triangle. Construct a triangle similar to this, in which 
the two sides corresponding to e^ and rr are set off from 
along cc and /,. respectively ; the third aide corresponding to 
b^ and parallel to bb, ia called a,.. In order to completely deter- 
mine this triangle, we need only fix one side, that lying on 
cc; this ia equal to a in the first triangle, a^ in the second, a^ 
in the third, and ii,_i in the laet. Then a„ that is, that side 
of the last triangle which ia parallel to bb, ia the result of the 
multiplication we wished to perform. 

For comparing the r*"" triangle of the second set, of which the 
sides parallel to cc and lb are Sr-i, a^, with the similar triangle 
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of the firat set, whose coTxeBponding sides ar 
have : —^ = — ; and therefore 

a " e^' «! ~ ''a ' " ' ^,-\ ~ f^. 
Multiply all these equations together, and we t 

a. = a. -1, -*,..— • 

c, Cj c, Q. E. D. 

68. We shall now prove that the result is not altered by the 

interchange of two factors, for example, — and — . Taking 

h f, "i "a 

them in the order — and -^ , the construction is as follows 

(Fig. 56) : on cc take OA = a; from A draw a parallel to bb, 
cutting t-yVa Ay-, the s^^ent AA^ = a^ , carry this over on to 
cc, i.e. set off OA^ = a-^, and from this new point A^ draw a 
parallel to hb, cutting l^ in A^ ; the segment A^ A^ thus obtained 

is da. Now take the factors in the other order -^ and — ; 

e^ Cj 

and proceed bb follows : 

^ Make OA = a aa before, and 

draw through A a parallel to 
b/>, let it cut l^ in the point A^, 
and call the segment so ob- 
tained a'; then set off on cc 
the segment OA^=a', and draw 
A^ Ay parallel to bb cutting ly 
in Ai ; the straight line A^ A^ 
^- 5^- is a". The similar triangles 

contained between ^ and cc, OA^ A^ , OA^ A give the following 
relations, ^^^ ^ qa^ . ff" _ a' 

AA^~OA' ^■^- '^ ~ V ' 
and the similar triangles OA^A^, OAA^ lying between l^ and 
ce, give iu like manner 

AyA^ _ AA^ a^ a' 
0A^~ OA' ^^ ai~7' 
And therefore a"= a^. q. e. d,* 

* EooEBS. Grnndztige einer graphUchea Arilhmetik (SdiaflTuMiBeii, 1865), p. 13. 
Jaxobb, 1. c, p. 11. 




Digitized ByGOOgle 



-7ll GRAPHICAL MDLTIPLICATION. 51 

70. In consbructing the trianglea of the first set, instead of 
setting off the segments b on the straight line bb, we might, after 
taking on cc the side 01 = c,, find on OJapointl, such that the 
joining line II would be equal in absolute length to b^. Then 
having drawn through 0, li parallel to 1 1 we might, as above, 
construct a triangle of the second set, similar to Oil, setting off 

on cc a side equal to a. Then the product (Fig. 57) a, = a . — 




Kg. 57- 

is given not by the side parallel to bb, but by the side lying 
on /j ; and similarly for the other triangles. 

In this construction the signs of the segments b are not 
taken account of, since they are all set off in different directions ; 
it ia therefore necessaxy in caiTying over the segments, for 
example Oj, upon cc, in order to proceed with the construction 
of the next triangle in the series, to give a, the same sign as a, or 
the opposite according as b^ and c^ have the same or opposite 
signs. 

In this method the segmentB a,, a^, ..., a^, which we have 
respectively obtained on ^, l^, ..., /, (the parallels to 6^, ^2, 
..., S„), ate carried over to cc by means of circular arcs de- 
scribed around as centre. 

71. A third method of performing the required multipli- 
cation is as follows. Set off from the common point along 
one of the two axes (6b) the segments Sj, Sg, b^, &e., and 
^i,"*' ^ei ^*'-' ^^^ along the other axis (cc) (Fig. 58), 5^, b^, &c. 
and ej,c3,c5,&c,, always joining the extremities 11, 22, 33, &o. 
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of the segments b scd o with the same index. Then it is only 
necessary to inscribe between the two axes a crooked line 
whose successive sides are respectively parallel to the 
joining lines 1 1, 22, &c., and whose vertices lie alternately on 
ec and 6b. 




If we take the €rst vertex, so that it is the final point of 
that segment of ec which ia equal to a, and has its initial point 
at 0, then the second vertex, and the third, fourth, &o., are 
likewise the final points of the segments 



whose common initial point is 0*. 

This is evident, when we consider that in this construction 
all the triangles of the second set have one side on ec and the 
other on bb, whilst the third side, on the crooked line, is parallel 
to the third side of the similar triangle of the first set. 

72. When there is no need to take account of the signs of 
the segments a, b, c, Le. when they may all be considei-ed 
positive, we can so order the construction, that both the 
triangles of the first and of the second sets are placed con- 
secutively around a common vertex (Fig. 59) (just like a 

* In Figa. 58, 59, knd tbe following, eBoh of the ugmenta whose oomtnon 
initial point U 0, is marked at iti final point vjth the letter a, b, or e, whi<^ 
indicates ite meMure. 
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fan). Through draw n + 1 straight lines, or radii vectores, 
making arbitrary angles with one another. Eetween the first 
add secoad radii construct the first triangle of the first set, 
and the first of the second; between the second and the 
third radius vector the second triangles of both sets ; between 
the third and the fourth radius vector the third tiiangles ; 
and so on ; in such a manner that two consecutive triangles 
of the second set always have 
one side in common. That is to 
say, starting from 0, take on 
the first radius two segments 
equal to a and c^ respectively; 
on the second radius a segment, 
with the same initial point, equal 
to bi ; join the final points of fij , 
Cj, and draw a parallel to the 
joining line through the final 
point of the segment a, this de- 
termines a segment a, on the 
second radius, such that 

- *i 

' "" Cj Fig. 59- 

Now take, in the same way, the segment c^ on the second 
radius, and the segment l^ on the third radius, and we deter- 
mine on the latter a segment 

Continuing this construction, we finally get, on the («+!)*■' 
radius, a segment with its initial point at 0, whose value 
will be 

6, h, L 
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78. If, in the last problem, we make all the 4's equal to one 
another, as also all the c'b, then the constructed segment a, ia 

the result of multiplying a by the «*•" power of the ratio - • 

In this case, either in the first construction Art. 68 (Fig. 60), 




fig. 60. 
or in the second, Art. 70 (Fig. 61), all the triangles of the 
first set coincide, and form a single triangle, two of whose 




sides are the given segments d and c. The n triangles of 
the second set are all similar to one another and to the 
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single triangle Obc. The sides lying on Oc are respectively 
"r «ii ^2< ■•■• ^*-v whilst the sides parallel to 6 are a^, a^, 
,,,, d,, and therefore 

This series of similar triangles can also be prolonged on the 
opposite side, so as to give the product of a by the negative 

powers of - ■ In fact, constructing the triangle whose side 

parallel to & is equal to a, tiie side which lies upon Oe is 

ffl_, =a-- = a ■{-) ; 
' - c '■c' 

next, constructing a triangle with its side parallel to fi = a_, , 
the side on OC = a_^ = a(-) i and so on*. 

74. In the third method (Art. 71) the triangles of the first 
set reduce to two equal, but differently situated, triangles Obc 
(Fig. 6s) ; the one has its side o on the first axis and its 




FJg.6i. 

side h on the second ; whilst the other has its side h on the 
first axis and c on the second. The directions of the third 
sides are therefore antiparallel, and the sides of the crooked 
line, inserted between the two axes, are parallel to them. 
• EoQBM, 1. c, p. 16. Jabqer, 1. 0., pp. 18-20. 
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The vertices of this crooked line determine on the firet axis 
segments, measured &om 0, which have the values 

a, «, = «(-), «, = «(-),..., 

and on the other axis 

Moreover the eides of the crooked line form a geometrical pro- 

gresBion ; for, if we call the first side a', the second ha a' -, 

the third i'(-)', the fourth a' (-)', &c 

Hence we conclude that the given segment, which has to be 

multiplied bj (-\ , instead of being set off on the first axis, 

may be placed in the angle between the axes so as to form the 
first side of the crooked line; its (» + !)"' side will then be 
the result of the multiplication. 

Continuing the crooked line in the opposite direction we 
obtain the products of the given segment {a or if) by the 
negative powers of the given ratio 

(*)"'■ (')"■ ^- 

If we wish to continue the progression between two suc- 
cessive sides of the crooked line, for example, between the 

two first (a' and a' . - ) , then we need only draw between them 

a new crooked line, whose sides are alternately parallel to 
the axes ; and we obtain s figure analogous to the foregoing 
one. 

Let the segment of the first axis, which is intercepted by 
the first two sides of the first crooked line, be called a", then 
the sides of the new crooked line are respectively 

a", a"-, a"(-\ , &c.t 
c ^c* ' 

76. Finajly, if we employ the fourth method of construction 

• COTTSwraT, 1, c, p. 2i, as. 

+ CoiraiHS&T, 1. c, p. 24. Cdlmanh, L c, No. 8. 
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(Art. 72) and take the angle between cooBecutive radii vectores 
constant (Fig. 6^, aU the trianglea of the first series become 
eqaal and their verticCB (opposite 0) lie on two concentric 
circles whose radii are respectively equal to b and c. The 
triangles of the second series are all similar to one another, 
because each is similar to the corresponding triangle of 




the first series ; their vertices (opposite 0), and their sides 
(lying opposite 0) are the vertices and sides of a polygonal 
spiral circuit. 

The radii vectores of this spiral, i.e. the straight lines drawn 
fi-om to the vertices, are the terms of a geometrical pro- 
gression i ,b.^ ^ 
a, a,=a - , «„ = «(-), &c. 
c " ^c' 

This progression may be continued in the opposite direction, so 
as to give the products of a by the negative powers of (-] : 

Also the aides of the polygonal circuit form a geometrical 



progreesiou with the same common ratio 






* JUSBR, 1. c, p. 30. 
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If the constant angle between two conBecutive radii veetorea 
is a commensurable fraction of four right angles, which has the 
denominator p when reduced to its loweet terms, then the 




Fig. 64. 

(p-i- 1)"" radius coincides with the first, the (p + 2y^ with the 
second, and so on. If, for example, the given constant angle 
were a right angle*; the angles between every pair of conse- 
cutive sides of the spiral polygon would also be right angles 
(Fig- 64). 

* Ekulbahx, Der Conrlrucleur, 8rd edition (Braumohweig, 1369), p. 8i. 
K. VON Ott, GnmdxUge de» grapMtcbtit Sechnmt uad der graphUchtn Slalii, 
(Prag.ien), p. 10. 
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CHAPTER V. 



EXTEACTION OP BOOTS. 



76. CoNSiDEE the spiral polygon ABCBEFG ... (Fig. 6$), 
whose radii vectores OA, OB, OC, OD, &c. represent the pro- 
ducts of a constant segment OA by the powers (corresponding 

to the indices 0, 1, 2, 3, &c.) of a given ratio - = -p-; , and 
' c OA 

whose sides AB, BC, CD, &c subtend a constant aogle at the 




Kg. 65. 
pole (Art. 75). As already remarked, all the elementary 
triangles, which have for a vertex and a aide of the polygon 
as base, are similar ; also all the figures, obtained by combining 
2, 3 or 4, &c. consecutive triangles, are similar, because they 
are made up of the same number of similar and similarly 
situated triangles. Therefore aU the angles ABO, BOO, CDO, 
&c. are equal ; also the angles ACO, BBO, CEO, &c. ; and so 
on. In general all the triangles around the vei-tex 0, the 
bases of which are chords, joining the extreme points of the 
same number of consecutive sides of the polygon, are similar ; 
these chords also subtend equal angles at the pole 0. 
These properties are quite independent of the magnitude 
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of the asgle AOS, which in the construction of the firet 
elementary triangle is chosen at pleasure. They would not 
therefore ceaae to be true if this angle were made infinitely 
small : in which case the polygonal circuit becomes a curve. 
From the similarity of the elementary triangles we have 
already deduced the equality of the angles at the bases OAB, 
OBC, &c. ; but if the angles at the point become infinitely 
small, the sides of the elementary triangles lying opposite 
to will become tangents to the curve ; the curve obtained 
has therefore the property, that its tangents (produced in 
the same sense, for example, in that of the increasing radii 
vectores) meet* the radii vectores, drawn from the pole to 
the point of contact, at equal angles. From this property 
this curve is called The Equiangvlar Sjnral'^. 

77. Since the figures, which are made up of an eqtial 
number of successive elementary triangles, are similar, so 
also, if we draw in the equiangular spiral the radii vectores 
OA, OB, OC, &C., at equal angular intervals, the triangles 
OAB, OBC, OCB, &c., will be similar to one another. There- 
fore the radii vectores in question form a geometrical pro- 
gression, i.e. the polygonal circuit ABCB... inscribed in 
the spiral is exactly the same as the one consti-ucted by 
the rule of Art. 75, starting from the elementary triangle 

A AOB. If therefore we 

^^^^i^S;;^^^^ take the triangle A OB at 

^<^'''^\ ' ^""^^M^^^^ pleasure, and construct 

^"^^ / \ / /I V/"^ the polygonal circuit 

■ \l'i •sjh ^ ^5Ci>..., all its vertices 

1 \i / V / i-'yf^ ^'® *"^ *^® same equi- 

\ \^/ yj'v / angular spiral vrith its 

\^S\ly ^'^ V^^ ** ^' Hence it 

"'--. j/,-^^^^0 — '' follows, that the pole 

P and two points of the 

^ curve completely deter- 
mine an equiangular spiral. 

78. Any two points B, C (Fig. 66) of an equiangular spiral, 

• ConaiRiBT, 1. c, p. 41, i2. Culmakk, 1. c, No. S. 

t Whitwobth, Tie equiangular ipiral, it> chief properliei proved geome- 
trically (Oxford, Cambridge, and Dnbliu MeeaeDger of Mathematics, vol. i. p. G, 

Cunbridge, 1862). 
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the pole 0, the point of intersection T of the tangents at those 
poiate, and the point of intersection N of the corresponding 
normals, are five points on the circle whose diameter is NT. 
Of tho truth of this we are easily convinced if we consider, 
(i) that the circle drawn on NT as a diameter will pass 
through the points B and C, since the angles NBT and 
NCT are right angles ; (a) that the angles OBT and OCT being 
supplementary (since the angle made by a tangent with the 
radius vector drawn to its point of contact is constant), the 
four points OTBC belong to the same circle. Hence it 
follows that NOT is a right angle. 

78. Now take the points B and C so close together, that 
the spiral arc between them can be replaced by a circular 
arc Since this arc must touch BT and CT in the points 
B and C, its centre lies at N\ the tangents BT, CT are equal, 
and therefore the chord BC is bisected at right angles by the 
straight line NT; hence also, N and T are the pointo of 
bisection of the arcs BC of the circle OBC, i.e. OT is the 
internal, and ON the external bisector of the angle BOC. 
The point N, which will serve as a centre from which to 
describe the arc BC substituted for tho spiral arc, can there- 
fore be constructed as the extremity of that diameter of the 
circle OBC, which is perpendicular to the chord BC. The 
centre P of the next arc CD, which must be the point of 
intersection of the normals at C and D, will be the point of 
intersection of the straight line CN, with the straight line 
which bisects the chord CB at right angles, or with the 
external bisector of the angle COB. And so on. 

80. From this we obtain a construction for the equiangular 
spiral by means of circular arcs. We divide (Fig. 67) the 
angular space (four right angles) round the pole into a 
certain number of equal parts, so small that the spiral arc 
corresponding to each part can be replaced by a circular arc. 
On two consecutive radii vectorea points A and B are taken, 
through which the spiral must pass. Tho centre M for the 
arc AB is then the end of that diameter of the circle OAB, 
which is at right angles to the chord AB. Let N be the point 
where BM cuts the external bisector of the angle between OB 
and the next radius vector." With the centre N describe the 
arc BC. Similarly let P be the point, in which CN cuts Uie 
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external bisector of the angle between 0(7 and the radius vector 
immediately following it ; then with i* as centre we describe 
the arc CD ; and so on *. 




Rg. 67. 
81. Instead of assuming the point A (as well as and B), 
we may suppose the constant angle between the tangent 
and radius vector to be given. In this case, having drawn 
B8 inclined to OB at the given angle, let 5 be the point 
of intersection of this tangent BS with the internal bisector 
of the angle between OB and its pre- 
ceding radiuB vector ; then the point 
A is given by the intersection of that 
radius vector with the circle DBS. 
After we have found the point M 
of this circle, which is diametrically 
opposite to S, we proceed with the 
construction in the manner explained 
above t- 

82. We are often able to avoid 
drawing these circular arcs, and to 
restrict ourselves to finding a series . 
of points on the curve sufficiently 
near together to be united to one 
another by a continuous line. For this purpose we take the 
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elementary triangle OA^B^ (Fig. 68), of which the angle at is 
very small, and between the sides OA^ and 05, construct the 
crooked line A^ 5, C^ i), ..., with its sides alternately parallel 
and antiparailel to A^ £j. Then, upon the radii vectores 
OA, OB, OC, fee, drawn at angular intervals each equal to 
the constant angle A^ B„ take points A, S, C, &c., in such a 
manner, that OAj = OA, OB^ = OB, &c. 

83. This spiral when drawn serves for the solution of 
problems involving the extraction of roots. 

We want, say, the »"" root of the ratio between two given 

segments a,-, a. Write {1^= a (-), then the question becomes 

that of finding the ratio - ■ Take on the spiral (Fig. 69, 

where » = 5) the radii vectores a and aj, and divide the angle 
included between tbem into i equal parts. The i~i dividing 
radii vectores a,, a^, &c., will be the intermediate terms of a 
geometrical progression of » + 1 terms, the first of which is 
a and the last a^. The ratio ay; a of the two first terms is 

therefore the required ratio (- ) . 

84. Two radii vectores containing a constant angle have 
a constant ratio. From this 
it follows, that, if we take 
the sum or difference of the 
angles contained by two pairs 
of radii vectores flj i^ and 
a^ bg, the resulting angle is 
contained by two radii vec- 
tores, whose ratio is in the 
first case equal to the pro- 
duct, in the second to the 
quotient, of the ratios a, : i,, 
and a^ : ^2 ■ That is to say, the 
equiangular spiral renders 
the same service in graphical *' ^' 
calculations which a table of logarithms does jn numerical 
methods. The ratios of the radii vectores correspond to 
the numbers, the angles to their logarithms. 

On account of thia property the curve we are speaking of is 
also called the Jjogariihmic Spiral. If we take a radius vector 
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equal to the linear unit as the conunon denominator of these 
ratios, it is obvious that the radii vectores themselves maj be 
considered instead of their ratios to unity. 

If, for example, we wish to construct the segment x, given 
by the equation 

w=z::ya^.a, ".. 

then x is the radius vector of the spiral, which makes with the 
radios 1 an angle equal to the arithmetic mean of the angles, 
which the radii a^,o^, ... a, make with the same radius 1. 

6S. But when the extraction of a square root only is 
wanted, instead of employing the spiral, it ia much easier to 
use the known constructions of elementary geometry. It, 
for example, x = -/ab, we construct x aa the geometric mean of 
the segments a and h. 

If the s^ments OA = a, OB = b are set off on a straight 
line in the same sense, then (fig. 70) is the length of the 
tangent OX, drawn from to a circle described through A and 
B ; or (Fig. 70a) a circle may be drawn with diameter = OA 
(the greater segment), and then m is the chord OX, whose pro- 
jection on the diameter is the other segment b. 



fig. 70. Fig. 70 a. 

Again, if the segments OA = a, OB = 6 lie in a straight 
line, but have opposite sense (Fig, 71), we describe a semi- 
circle on AB, and then ic is the ordi- 
nate erected at the point . 

86, The same ends for which the 

equiangular spiral serves, are easily 

attained by using another curve called 

'f' ''■ ' The LogaritAmic -Curve' 

Draw (Fig. 72) two axes Ox and Oy; and on the first of 

them, starting from the ori^ 0, take the segments OO, 01, 

02, 03, &c, respectively equal to the terms 
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of a geometrical progreBBion, of which the first term is x^, and 

the common ratio — (where m is Buppoeed greater than n) ; 

and on the eecond axis take the segments 00, 01, 02, OS, 
&e., also measured from 0, ^ 
and respectively equal to 
the terms ^^ = 0, y, = /, 
^2~2l, ^3 = 31, &c., of 
an arithmetical progres- 
sion, with its first term 
equal to zero, and the 
common difference* = I. 
The terms of the two 
progressions, which corre- 
spond to the index r, are 















^ 


^ 


^ 




/^ 


7^ 


\ 




\ 
\ 




(/ 







a, = «(, (— ) , ^, = rl; 

and therefore r, = «„ f~^ • 

Between each pair of consecutive terms in each of the 
two progressions we can interpolate a new term, so as to 
obtain two new progressions, of which the first has a common 

ratio f— ) or 1 and the other a common difference -• 

This follows, from the fact that in every geometrical (arith- 
metical) pr<^ression any term whatever is the geometrical 
(arithmetical) mean between the terms preceding and follow- 
ing it. 

If we construct, for example, the geometrical mean between 
a-f, and ^r+n *"<i *^^ arithmetical between y^ ^^^ ^r+u we 
obtain the two corresponding terms 

(^.^r«)*='^o(^r* 

of the two new progressions. 

la these progressions we can in like manner interpolate a 

* In the ■ooceeiiaii of numbers on Ot/, the zero ooincidei with the origin 0, 
beomuM J>, wm tftken = 0. 
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term between each pair of consecutive terms, and so on, antil we 

arrive at two progressions, for which the ratio (— ) and the 
difference ^ are as smsJl, as we please *. If we ase x and y 
to denote two corresponding terms, we have always 

W ' = '.(=)'■ 

or (a) f=l J , 

'"«; 

the logarithms being taken in any system whatever. We 
shall call those points of the axes Ox, Og eorretponding poinU, 
in which corresponding segments x and i/ terminate. We 
draw parallels to the axes through these corresponding points, 
i.e. through the final point of z a parallel to Oy, and throogh the 
final point of y a parallel to Ox. The straight lines so drawn 
will intersect in a point M; x and g are then called the co- 
ordinates of the point M, and in particular jb is called the 
' abtdtaa' and ^ the 'ordinate.' The equation (i) or (2) ex- 
pressing the relation between the co-ordinates of the point M, 
is called the equation to the curve which is the locus of all 
points analogous to M. We call this curve the ' Logarithmu: 
Carve' because the ordinate is proportional to the logarithm 
of a number which is proportional to the abscissa. 

87. We construct this curve 'by points' in the following 
manner. After drawing the two axes Ox , Oy (Fig. 73) (usually 
at right angles) we take on (^ a se^;ment 05 = 0(2') = /, where 
/ may be considered as the unit of the scale of lengths on Oy ; 

and, upon Ox we take a segment OA = (2') = x^ —, where 

00 = Xf, is the unit of length of the scale for Oicf, and — 

the base of the logarithmic system (the number 10). 

* i\i the namber of intorpoUlionB. 

f Since x increnaea much faster thftti y, it ie coDvenient, in order to ke«p 
the oonBtruction nithin tsMOiUble limits, to take the unit *, mneh mutller than 
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Let OS be divided into 2' equal parte, and let 1,2, 8, ,,, 
!'"\..., 2*{= B) be tiie points of division. 




Kg. ?3. 

In order to find the correeponding points of Ox, take the 
geometrical mean between iTq and ht^ — , i.e. deecribe a semiciide 
on OA as diameter, and set off along OA, starting from 0, the 
length of the chord of this semicircle, which has Oo for a pro- 
jection; we shall thus obtain the point 2*-^ of Oar, ■which 
corresponds to the similarly named point of Oy (i.e. to the middle 
point of 0^). Similarly by taking the geometrical mean of Oo 
and 02*"', and the geometrical mean between 02'"^ and OA, 
we shall obtain the points on Ox, corresponding to the middle 
points of the segments 02'-', and 2'-'_S of Oy ; and so on. 

Now draw parallels to Oy through the points of division of 
0«, and parallels to Oa through the points of division of % ; 
the points, in which the lines drawn throQgh similarly named 
points intersect, lie on the logarithmic curve we are con- 
structing. Since to the value y = ^^ = y 
corresponds the value a = XQ= Oo, the 
curve passes through the point marked 
on Oai. 

88. It is also very easy to construct 
a tangent to the curve at any one of 
its points (Fig. 74). Let M and JV be ^'K- 74- 

any two points on the curve, at a small distance from one 
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another; ifP, NQ parallelB to Ox, MK s parallel to Oy, and T 
the point in which 0]/ \b cut by the chord MN. The Bimilar 
trianglea TPM and J/^iVgive 

TPiMP=MK:NR, 
or TP:MP= OQ-OP.NQ-MP. 
Let OP = y,Pq = h, then MP and NQ are the abscissae 
corresponding to tiie ordiuates^,^ + .(, and therefore 



ifp = ,.0',ffe = ..(^)' 



whence TP = —r ■ = I _ 



O ' -(")' o'- 



Now let the point N approach continually nearer and nearer 
to the point M, i. e> until A approximates to the value zero, 
then ^^7* will also continually approach towards the position 
of the tangent at M, and the segment TP, the projection of 
TM upon C^, haa for its limiting value what is usually called 
the ' tubiangetit.' But the limit* which the fraction 

A 

I 

approaches, when k tends towards zero, is the natural 

logarithm of —.which we shall denote by A — ; therefore in the 

limit we have i 



i.e. the subtangent is constant for all the points on the cnrvef. 

Hence it follows, that a single construction suffices for 
drawing tangents at all the different points on the curve. 

89. Having thus constructed the logarithmic curve, we 
can solve by its ajd all those problems for which the 
ordinarylogarithmic tables are used. We want for inston ce 

* Baltzkb, BlemaUe der Malhemafik, i. 4ed. (Leipzig, 1873), p. 200. 
i Salhom, Sigk»r plane cwrra, md ed. (Dablin, le73), p. 311. 
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to construct the r"" root of the ratio between two straight lines 
p,^. Take upon Ox the abscissae 3^ = jj, a^'= j,aii<i find by 
means of the curve the corresponding ordinates y and y , 

The abscissa corresponding to the ordinate - {/—/') has the 
value •■ /^ 

Secondly, say we want the r"" root of the product of- the r 
straight lines jOiijOj, ..., A- Take on Ox the abscissae «, =j3i, 
a'j=jt?a, &C-. and find the corresponding ordinates yj, j'^, 
^3 , . . . ^r ; ^^° ^^^ absciBsa ai corresponding to the ordinate 

-G'i+ya+"-+J'r) 
is equal to the required quantity 
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CHAPTER VI. 

SOLDTIOS OP NCMEElCAt EQtJATIONB*. 

90. Lircd:g,a,,(ij, ,,,,a, be» + l numbers given in magnitude 

and sign, and let (Fig. 75) a polygonal right-angled circuit 

be constructed, the lengths 6f whose successive sides 01, 12, 

23, ... are proportional to the given 

nnmbera. The sense of each side 

is detenniued by the following law : 

the f"* and the (r+2}*'' sides, which 

are parallel to one another, have the 

same or opposite sense, according as 

the signs of the numbers a,_i, Of+i, 

* which are proportional to these sides, 

^' are unlike or alike t. 

Assume a point A-^ in the straight line 12, and take 

OAi as the first side of a second right-angled circuit of « sides, 

whose respective vertices A^, A^, A^, ... lie on the sides 12, 

23, 34, ... of the first circuit. 

• LiLL, B^tolutitm graphiqua des iquatioiu numiriqae iTiiti degrt quelconqiie A 
une inconnue (Nouv^es AimaUs de Math^matiquee, i* s^rie, i. d, Pana, 1867), 
p. 369. 

t In order to fix with the giestest possible prednon the Bense of each Bide of 
the crooked line, the folloHing coiiTentiOii is useful. We take two Tectaugnlar 
Kies XOX, YOY, and detennine for each of them the positive sense ; and we 
agree to give the number, which eipresses the length of K legmenb, the coefficient 
+ 1, or — 1, aocording as it is in the positive or negative directioa of XOX, and 
the coefficient +i, or — t (where i = V — 1, i- e., *'= — 1), according aa it is in 
the positive or negative direction of TOY. Now let a eironit be formed whoee 

01, 12, 23, 34, i5, EB 

are equal to <'%,<"„ ^a, i?a„ »*iii, i*(»i,..., 

i.e. eqoal to a,, ia,, —a,, —to,, a,, ia,, ... , 

then the l'>, Z'^, 5t», ... sides will be paraUel to XOX, and the others to TOT; 

moreover two parallel ridea, separated bj a single side at right anglee to both, 
will have the same, or opposite sense according an the cDrreaponding numbers a 
have opposite ngns or the same sign. 
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The triangles 01 A^, Ai2A^, A^S A^, A^i Ai, ,,, ai'e all aimilar 
to one another, and therefore give 

01 _ Ji2 _ A^ _ A^ _ _ A^i-K 
I^~J^~A^~A^ A,.ft ' 

whence, remembering the identities, 





01 =ao. 
12 =(ii, 
23=«., 






^,2 
A3 

A* 


= Al+«1. 

-J,S+a„ 




«.»+ 1 =o„ 




4 


,.«+! 


= A-« + «. 


and 


i putting 


^il 
"oT ~ 


«, or 


Al = 


»,». 


we 


obtain: 

42=«,» +«, 
A2 = ".•' + «, 

^,3 = «.rfi + «, 




,..+a 








^....+ l=V 


,»—' + . 
' + «,«"- 


» + «.. 



Thus the segment A,.n+1, included between the final 
points of the first and second polygonal circuits, represents 
the value which the polynomial 

F(a!) = af,x* + aiX'-^ +...+«, 
takes, when we substitute for w the ratio of the segment ^^ 1 to 
the segment 01 or a,,. Keeping a^ positive, the signs of x and 
a^ will be equal or opposite, according as ^^l, 12 have the 
same or opposite sense. 

If the final points of the two circuits coincide, we have the 
identity F{x) = ; and then x is called a root of the equation 
F{z) = 0. The real roots of the equation F(z) = are there- 
fore the ratios ^i^ 1 : 1 , which correspond to those right-angled 
inscribed circuits whose final points coincide with the point 
n+l. 

On account of this property we say, that the tnrcuit 
0123 ...«+ 1, represents the whole polynomial Ff^z). 

91. If in 0123... B+l we inscribe a new right-angled circuit, 
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OB^B^.-.B,, and if we denote the ratio of J, 1 : 01 by^, we 
shall have in like manner 

B».» + l= F(y) = a^'+a^y'-^ + ...+«.. 
For the coefficients a we substitnte their values 
flo = 01, 

fl,= 12 = Ji2-^jl =Ai2~'0}.w, 
a^ = 23 = ^^3—^22 = A^3—Ai2.m, 
a^= 34 =^,4-^a3 = ^a4-^23.ar, 



a,_i = «—!.« = -^,-|.»-4.-i«-l = A-i-«--4-i.«— 1* 

«, = ».« + ! = ^,» + l— ^,« = ^,Jl+l_^__j.».a!; 

and thus obtain 

5,.« + l = 01.y" + (^i2 — 01.ir)^"~> 
+ (^3-^i2.%"-3 



+K-i-''-4.-a«-ig)y 
But B,»+l-A,n + l = B,A„ 



therefore 



^^■^^ = ^^-y"'+^i^-r-^+A^-y'-^+:-+A-i' 




Fig. 76. 

This result may be expressed as follows (Fig. ?6, where 
» = 6): /« a rectangular circuit of «+I aidet 0123. ..«+l, 
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tVH> other rectangular eircuils of n tides OA^A^...A^, OB^B^ 
.,.B^ are imcribed; we then form, a new rectangular circuit 
aX^'Z' ...n' of n tide*, tekick are respectively parallel to the sides of 
the first circuit and equal to 01, A^2, J^3,..., A^_in. In this 
inscribe the rectangular circuit of n — 1 tides OB^B^.-. B'„_i, 
having the side OB^ in common with tie circuit already deserved 
QB,B,...B,. 

B'^^^n' _B,A, 
01 ~ BiA^' 

That it to say, the segment B'^_i,n' is the result of the division of 
F(^) — F{x) by y—i"- where F signifies the Folynomial represented 
by the first circuit 0123. ..n + l, and x andy are the ratios A^l: 01; 
B^l-.Ol. 

Or, in other words. 

The circuit 01 2'3'...n' represents the polynomial 



Then we have 



or, in the case where x is a root of the equation F{z) = 
polynomial F{z) : {z — x). 

92. The similar triangles considered above give 

01 _ Ai2 _ A.^3 _ ^4 _ _ ^B_i.« . 

so that our equation may also be written, 



0, the 



0^1 . 



B,A, 



= 0Aiy'-^+AiA^y'-^ + A2A^.y'-^+... + A„^iA„. 



This result may be interpreted as follows (Fig. 77): 




Tig. 77. 
If we inscribe in the rectangular circuit 0123.,.m + l of »+l 
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tidet (Fig. 77, wJl^e « = 6) two ««» rectai^ular drctait <^ % aidet 
OAjJ^...A^, fiB^B^...B,, and thm iatcride in Hu fint of tkete 
a rectangular eircuii efn — 1 n<2e« (iC^C^...C^_y, 
C,A, 5,1 

B^Ai 0^1 
/ibt^ it to say, C^^J^ it alto egval to tie guolieni 

y-m * 

01 ' 
In other words: 

Tie circuit OAiA^,,,A^ repretentt tie polynomial 

z—x * 
or, in the cate where x it a root of the equation F (z) = 0, tie poly- 
nomial F{z):z—x, provided tie lengtit be reduced in the ratio 
0A^:0\. 

Every rectangular circak of n sides inscribed in the g^ven 
circuit, and having the sanae extremities, is therefore a re- 
tolvent circuit in regard to the given one, because it repreaenta 
the quotient, obtained by the division of the Polynomial 
represented by the given circuit, by one of its linear 
factors. 

93. Again, let the entire polynomial of the w*"" degree F(z) be 
represented by the circuit 0123,,,» + 1. In it let the two 
circuits OA^A^^.A,,, OB^B^...B„ (Fig. 78) be inscribed. We 
assume that both the points A„ , 5, coincide with the extremity 
n+1 of the given circuit; i.©. let O^^jig...^, 0BjB2...B„ 
be two resolvent circuits of the given circuit. Moreover let 
L-^,L^, .,.,i^_jbe the points of intersection of the pairs of sides 
AiA^,BiB^;A^As,B^B^; ...; ^,_2^,-i, -B,,^^,.,. Then the 
triangles 0Jj5,, L^A^B^ are similaj-j since their corresponding 
sides are perpendicular to one another ; for the same reason the 
triangles A-^B^^L^, A^BJj^ are similar, and therefore also the 
quadrilaterals (sA■^B■Jly^, L^A^B^L^ are similar, whence it 
follows that the sides o£j, LyL^ are perpendicular to one 
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another. In the sameway we show that the angles L^L^Z^, 
Zj£ji/4 , . . . , £^a i,^_3 n + 1 are right angles. 




Fig. 78. 

Hence it follows that the points ^L^L^.,.L^^n+ 1 are the 
vertices of a circuit of re— 1 sides, which is right-angled, and 
is inscribed both in the circuit OA^A^,.,., and in OB^B^...; 
that is to saj, QL^L^ ... ia a resolvent circuit in regard to each 
of the circuits OA^A^.,., qB^B^.... In other words, if we 

reduce the lengths in the ratio -~, the circuit OL^ L^... L^_^ 
represents the polynomial of the (»- 



where x = OAj-.Ol, y = 05^:01. 

94. Let an ec(uation of the second degree 

'»P'«' ».rf + «.« + ., = 0. 

After conatmcting the circuit 0123 (Fig. 
79), whose sides 01, 12, 23 represent the 
coefficients a,,, a^, a^, it is sufficient, in 
order to find a root, to construct a right 
angle, with its vertex A upon 12, and its 



03. 



Kg- 79- 
We describe therefore a semicircle 
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on 03 as diameter; if this cuts 12inthepoints J,,^g, the roots 
of the given equation will be 

All A^l 

From known properties of the cirde we have : 

A^l =2Ai, 

and therefore 

Ajl+A^l = 2Ai + Ail = 21, 

AA+A,\ tf, 
or — 1 ^ =: -, 

that is to say, the sum of the roots is ^ ■ 

Farther the similar triangles 01^,, ^,23 ^ve 
Ol-.A^l =Ai^2:32, 
or . a(,:/i, 1 = —A^l : —aj, 

,^,, A.X.AA a. 



i.e. the product of the roots is equal to — ■ 

A simple apparatus depending on the foregoing theorem 
(Art. 91) has been designed by Lill, with the object of 
determining the roots of a given nnmeiical equation. The 
apparatus consists of a perfectly plane circular disc, which 
may be made of wood ; upon it ia pasted a piece of paper 
ruled in squares. In the centre of the disc, which should 
remain fixed, stands a pin, around which as a spindle another 
disc of ground glass of equal diameter can turn. Since the 
glass is transparent, we can, with the help of the ruled paper 
luidemeath, immediately draw upon it the circuit corresponding 
to the given equation. If we now turn the glass plate, the 
ruled paper assists the eye in finding the circuit which deter- 
mines a root. A division upon the circumference of the ruled 
disc enables us, by means of the deviation of the first side of 
the first circuit from the first side of the second, to immediately 
determine the m^nitude of the root. For this purpose the 
first side of the circuit corresponding to the equation must be 
directed to the zero point of the graduation. 
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CHAPTER VII. 

BEDUCTIOH OF PLANE FIGUEES*. ' 

86. To reduce a given figure to a given base i, we must 
transform the figure into a rectangle whose base is i, or deter- 
mine a straight line /, which when multiplied by i gives tbe 
area of the given figure. Ibstead of constructing a rectangle 
on the base b we may construct a triangle on the base 2 d ; 
the height of this triangle is the straight line f- The segment 
b is called the bate of reductUm. 

When several figures are reduced to the same base b, their 
areas are proportional to the corresponding straight lines 
fi> fi> /s' ^c. ; whence it follows, that the reduction of a 
figure to a given base is the same thing as finding its area. 

Let the given figure be the triangle OAS (Fig. 80), whose base 
OA is denoted by a, and its height by A. Then, since the area 
must remain unaltered by the transformation, fb = ^ai, 

and therefore f = a . —-1 = k , -^ , 

that is to say, we have either to multiply a by the ratio h:2b, 
or k by the ratio a: 2b. 

We therefoi-e take OC = 2b, 
join C to B, and draw AD 
parallel to CB. 

Or else, take on OB the 
point B, whose distance from 
OA = 2 b, join 2)A, and draw 
£C parallel to 2)i. ^e-^'- 

If we join CB, the triangles OAB, and OCB are equivalent, 
because we obtain them, if we subtract the equal triangles 
ABB, ABC from, or add them to the same triangle OAB 
(according as OC is smaller than, or ^eater than OA). The 
required segment / is therefore in the first construction the 




* CVLMAHN, 1. c. No. 16 et u 
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height of the point 2) above OC, and in the second is the 
length OC. 

96. It is not necessary that one of the dimensiona /, or 2 b, 
should faU along a side of tiie given triangle. We may take 
as the doubled base %b & straight line BC (Fig. 8i) drawn 
from the vertex B to the opposite side OA, provided 2b is not 
less than the distance of B from OA ; tiie corresponding 
height / will then be OD, the antiprojection of OA on BC*. 
Or if 2b is not greater than OA, we can take aa the doubled 
base 2 b a, chord OD of the semicircle drawn on OA aa 
diameter In this case the parallel BC to the supplementary 
chord I)A is the required height/. 




Tig. 8i. 

97. Let it be reqnired to reduce the quadrilateral ABCD to 
the base b (Fig. 83}. Draw CO parallel to the diagonal BD ; 
then the quadrilateral reduces to the triangle OAB, and we 
proceed aa above, viz. we make BC = 2b, and the antipro- 
jection 01/ of OA upon BC is the required length/. 

08. The reduction may also be performed without first 
reducing the given quadrilateral ABCO to a triangle. Take 
the diagonal OB (Figs. 83, 84, 85, 86), which must not be 
less than 2b, as hypothenuse, and construct the right-angled 
triangle OSB of which the side BB = 2b. Let the points 
A and C be projected, by means of rays parallel to OB, 
into A', C on OD, the other side of the triangle OBI) ; the 

• The triangles BPC, DOA we similar, hence SP : BC = OD : OA, op 
%;2h-f:ai therefore/ = a.—. ij.E.d. 
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triangles OCB, OBA are equivalent to the two triangles OCfB, 
and OBA' ; but in each of these the distance of the base OC, or 





Fig. 84. 
Pig- 83. 

OA', from the opposite vertex =-25, and therefore the required 
height / for the quadrilateral is equal to OC + A'O = A'C 




Bg-Sg. 




Fig. 86. 



In the crossed quadiilateral (Fig. 87) if AC is parallel to 
BO, the points ^ and Cf coincide, and therefore f= 0. In 
fact, in this case the area ABCO is equal 
to the sum of the two triangles UAB, 
and UCO, which are of equal area but 
of opposite sign. 

00. The length / is also equal to that 
segment of ihe straight line drawn 
through A 01 C parallel to AfC which is 
intercepted by the straight \meB AA',C(/. 

100. The foregoing construction assumes that 2 b is not 
greater than the greatest diagonal OB of the quadrilateral. 
If 2 i is > OB, the lengths 2 6 and / can be interchanged. 
We draw, namely, AE parallel to OB and make CE =26; 
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then, constrnct on the hypothenuse 03 a ri^t-angled triangle 
0D£, of which the side OD is parallel toCE; and then the 
other aide BD =f. 

101- In order to reduce a polygon to a given base, whether 
its periphery is self-cutting or not, we begin by reducing it 
to an equivalent quadrilateral. We then apply the above 
construction to the quadrilateral and thus obtain the segment 
J', which multiplied by the base i gives the area of the 
polygon proposed. 



Let the pven polygon be 0123456780 (Fig. 88). 
the straight line 8 7' parallel to the diagonal 07 , 



and the polygon is sncceasively transformed into the equiva- 
lent polygons 01234567', 0123456', 012345', 01234', 0123', 
each of them having a side less than the preceding one*. We 
finally arrive at the quadrilateral 0123'. 

102. In this construction the new sides 07', 06', 05',,, .of the 
reduced polygons are rays proceeding from the fixed vertex 
0. But we can also proceed in such a manner, that all the 
new vertices 7', 6', 5', &c. lie on a specified side. If we have, 
for example, the polygon Aabcde C012345, and if we draw 

11' parallel to 20 ^ 



31' 

42' I 

63' 



till each intersects the side OC, 



SB 



* Tbe trungles 087, 077' are eqaivaleiit, becanee the Btraight lines 07, 87' ua 
pkrftllel ; if we take the Erst tnangte awa; from the given poljgnn, and add the 
■econd one to H, we obtain the new polygon OiaSlEsro. And so on. 
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we determine a straight line AD which can be substituted for 
the crooked line J543210. 

For, since 11', 20 are parallel, the triangles 130 1'20 are 
equivalent, and if we subtract the former &om the given 
polygon, and add the latter to it, the polygon reduces to 
AabcdeCl'2ZA&. Similarly, from the equivalence of the tri- 
angles r23, l'2'3 the latter polygon reduces to Aabcde C2'3i5, 
and proceeding in this manner we finally arrive at the poly- 
gon Aabcde CD. 




Fig. 89. 

Id order to effect a like transformation for the crooked line 
JabcdeC, we draw 
W parallel to ca\ 
e<f „ db'l 

^^ ^r till each intersects the side Aa, 

eB "l, C^] 

and now the whole polygon Aabcde (?01234& is reduced to the 
equivalent quadrilateral ABCD. 

108. This is the easiest and moat convenient way of 
fin ding the areas of figures, the perimeters of which take the 
most different forms. With a little practice we learn to 
perfoim the reduction quite mechanically, and without paying 
any attention to the actual form of the proposed circuit. This 
construction moreover permits us to take account of signs, 
so that in. dealing with areas of different signs, the result 
gives the actual sign belonging to their sum without further 
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trouble*. Take, for example, the self-cuttuig circuit (Fig. 90) 
ABCQ123i, which repreaente the cross section of an embank- 
ment and excavation in earthwork. 




Fig. 90. 

Draw 11' parallel to 20 , 

22' „ 31', 

33' „ 42', 

4 J) „ A3', 

until they meet the side Co, then the given polygon is re- 
duced to the equivalent quadrilateral ABCD, which there- 
fore represents the difference between the areas ABCIi of the 
embankment and /0123 of the excavation, which have neces- 
sarily different signs. The circuit ABCD has the same sign 
as the circuit ^^^^74, or as the circoit 701 23, according as the 
embankment or the excavation is the larger. 

104. Circular Fu/uTet. A sector of a circle (Fig. 91) OAB is 

equivalent to a triangle OAC, with its vertex at the centre 

and its base a portion AC of the tangent equal to the arc AB. 

In order to obtain approximately the length of the arc AB 

measured along the tangent, we take an 

arc a, so smaJl that it can without any 

sensible error be replaced by its chord 

a ; we then apply the chord a to the given 

arc AB starting from its extremity B, 

tmd continue doing so as long as necessary 

*^- ''■ till we reach Aor & point A' very near A. 

Then starting from A or A' we set off the chord a the same 

number of times along the tangent AC-\. The sector OAB is 

now replaced by the rectilinear triangle OAC. 

* Cduunv, 1. c, No. 17. 

t Cduunh, 1. c. No. 21. Id Chapter IX U given k method of Rsnkine for th« 
kpproiimats rectifieatiou of citoolar uci, tad al»o some methodii of ProfeaaOT 
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The segment AB (i.e. the area between the arc AB and its 
chord) is the diflfereuce of the two triangles OAC, OAB, and is 
equivalent therefore'to the crossed quadrilateral OBAC. 

105. It is not necessary that the tangent upon which we 
set o£F the arc should pass through an extremity of the arc ; 
instead of doing so it may (Fig. 93) touch the arc at any other 





Fig. 9a. 



Fig- 9J- 



point f. In such case we set off the arc AT on CT, and BT 
on ST. The sector OAB is transformed into the triangle OCB, 
and the segment AB is the difference between OCD and OAB, 
i.e. is equal to the doubly crossed figure OCBOBAO, which 
may be considered as a hexagon (Fig. 93) with two coinci- 
dent vertices at 0. If we draw OB" and OA' respectively 
parallel to ^iCand BJ), the triangles OAC, OBB are transformed 
into the two other triangles B'AC, A'BJ), and therefore the 
segment ia equal to the quadrilateral A'SCB. 

106. Example — 

Let the figure to be reduced be the four-sided figure ACD 3, 
contained between two 
non- concentric circular 
area, AC and 3 B, and the 
straight lines CL, A 3 
(Fig- 94)- 

Let 0, 1 be the centres of 
the two circles ; the given 
figure is then eqnal to the 
sector .dIC— the sector 
13 i)— the qnadiilateral 
QA\C. Change the sectors 

into the triangles dAB, -g- ^ 

1 32, by setting off the two 

arcs along their respective tangents AB and 32, starting from 
corresponding extremities A, 3 ; and now the given figure is 
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equal to the triimgle OAB—bhe area 0^321 Co, i.e. is equal to 
the self-catting polygon ^50C123 J. 

Di-aw 11' parallel to 2Cj 

22' ,, 31' [ till they cut the fixed side Co, 

3C „ A2') 

and the polygon reduces to the crossed quadrilateral JS C. 
The area bf of this quadrilateral is found in the usual manner ; 
i.e. on the diagonal AO as hypothenuse a right-angled triangle 
is constructed, of which one side AS = 2b ; the length / is 
then the distance, measured parallel to the other side, of the 
point £ from a straight line parallel to AO and passing 
through C. 

107. As another example suppose we wish to determine the 
area of Fig. 95, which represents the cross section of a so-called 
U'iroa. 

It consists ; ( 1 ) of a lune-shaped area AEA'F, hounded by two 
cia-cular arcs, one having U as centre, the other 0; (2) of a 
crown-shaped piece CBFB'C bounded by two concentric cir- 
cular arcs SB'f CC drawn with as centre ; (3) of two equal 
rectilinear pieces * BCJIH and B'C'J'I'H', symmetrically 
situated with regard to the straight line OUFE, which is an 
axis of symmetry for the whole figure. 



Fig. 95- 
The lune is equal to the sector JJAEA' plus the quadrilateral 
OAJJA' minus the sector OAFA', i.e. it equals the sum 
UABA' + OA UA' +AOA 'F. After transforming the two sectors 
spoken of into the triangles UAS, OAG (where AI), AG are 
the arcs AEA' and AFA' set off along their respective initial 

* We Bay roctilinew, becaase wo BuppoBB Out Bmall Kia CJ, C'J' to be 
replaced bj their chorde. 
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tangents), the Inne becomes equal to the sum UAB+OAUA' 
+ AOG, or finally, if we merge these three circuits in one, it is 
equal to the area of the circuit ABUA'OAOGA. Here we can 
neglect the part OA, which is twice passed over in opposite 
senses ; and consequently (Art. 23) (he lune is equal to the 
self-cutting hexagon ABUA'OGA. 

The crown-piece we consider as the difference of the sectors 
OBS^, OCC. After setting off the arcs along their middle 
tangents PP', QQ', since PQ, P'Q' both pass through 0, the 
crown becomes equal to the trapezium PP" Q'$, which is the 
difference between the two triangles OPP", OQQ^, equivalent 
to the two sectors in question. 

If we now reduce the hexagon ADUA'OG, the trapezium 
PP'^Q, and the two pentagons BCJIH to a common base bi 
and find their corresponding segments to be/n, /,, 2/^, then 
*(/o +/i + 2/2) will be the required area of the given figure*. 

Or we may consider the given figure as an a^r^ate of 
triangles and trapeziums made up in the following way 

VA]}+2OAV-OAQ + OPP'-0qq' + 2BCKH-\-2CJIK, 
where CK is drawn parallel to BE, and JL We consider the 
areas of these triangles and trapeziums as the products of two 




factors, and reduce these products to a base b by means of the 
multiplication polygon (Fig. 95 a). It is, of course, understood 
that for ea«h area to be subtraflted, one of the two factors 
must be taken negatively. 

* In Pig. 95 W8 find 2/, diracdj, if in the reduction of the fignra SCJ'IK' 
w« rabddtate hbalh. 
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108. Curvilinear fgures in ffeneral*. It is a well-known 

property of the parabola, that a parabolic aegment (Fig. 96) ia 

equivalent to i of the triangle, whose baae 

^^,xTv^^^ is that chord of the parabola which forms 

j^ I ^^ the base line of the Begment, and the 

vertex of which is that point of the arc 

where the tangent is parallel to the base ; 

that is to Bay, the segment of a parabola is equal to a triangle 

whose base is the chord, and whose altitude is 4 the SagUta : 

where we understand by Sagitta the perpendicular distance 

between the chord and that tangent of the arc which is 

parallel to the chord. 

100. One method then of reducing curvilinear figures, con- 
sists in considering each small portion of the curved periphery 
to be a parabolic arc. 

If a curved line (Fig. 97) is divided into small arcs each of 
which may be approximately r^arded as a parabolic arc, and 
if the parabolic segments between these arcs and their respec- 
tive chords are reduced to triangles on these chords as bases ; 
then the vertices of all these triangles can be taken anywhere 
at pleasure on the straight lines drawn parallel to the chords 
at distances from them equal to 4 their respective Sagittae. 
Let these vertices be taken so that 
the vertex of each new triangle lies 
on the prolongation of one side 
of the preceding triangle, i.e. so 
that the vertices of two successive 
triangles and the point of intersec- 
tion of their bases always lie in the 
same straight line. Then the curvilinear circuit is reduced to 
an equivalent rectilinear circuit formed of sides whose number 
is equal to that of the parabolic segments into which the given 
circuit was divided. The rectilinear circuit or polygon ia next 
reduced to its equivalent quadrilateral, and finally this is 
reduced to the given base in the manner previously explained. 
110. Suppose, for example, we wish to replace the irregular 
boundary line AB between two fields by another consisting 
of two rectilinear segments which form an angle with ite 
extremities at A and B (Fig. 98}. We consider the curve AB 
* CuuuBM, 1. 0., No. 23. 
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and the straight line BA aa a circuit, and reduce it to a triangle 
on the base BA. 



oX- -"""'''" 


B' 


F^^^^ 


i 



C 


*=^™" :^=;;~-~3^ 





Fig. 98. 

For this purpose we divide the curve into small arcs ; draw 
their chords and for the segments thas formed substitute 
triangles, by the method we have just given above. In this 
way we transform the given circuit into the rectilinear polygon 
^0123455. Then we draw 



1 1' parallel to 20 



22' 



44' 
BC 



31' 

42' y till each cuts the fixed line AO ; 

53' 



and thus transform the polygon into the triangle ACB. We 
have therefore substituted the two rectilinear segments AC, CS 
for the given irregular line. The point C can be displaced at 
pleasure along a line parallel to AB, sLdce by doing so we 
do not alter the area ABC. 

111. The reduction of areas to a given base furnishes another 
construction for the resultant of a number of segments A^Bi, 
A^B^, &C., &c. given in magnitude, sense, and position (Fig. 99). 
Take a point as the initial point of a polygonal circuit whose 
sides are respectively equipollent to the given segments ; let N 
be its final point. Now transform the triangles OA, £, , OA^ B^ , 
&c., by reducing them to a common base ON, and let them be 
so transformed that they have a vertex at 0, and the side 
opposite to it equipollent to ON. Then the sum, 

OA^B^+OA^B^ + kc, &c., 
will also have been transformed into a triangle OAB, where AB 
is equipollent to OK The segment ..^^ is the required re- 
sultant (Art. 46). 
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In order to e^et the sbove-mentioned tTansformation, it 
will be ctmvement to take the initial points di,Aj, &&, &c. of 




Kg.99- 

the s^mentfl in a line with 0. Project the points Bi,B^, 
&c., &c. into the points B^, B^, &e., &c. apon ON, by rays 
parallel to OA-^A^ ,.,,an<l then the triangles OA^B^, OA^B^fSas., 
are transfoiTued into the tiiangles OA^B(, OA^B^, &e. Then 
draw the straight lines -S/C^, 5/ C^, fire., parallel to JV^i.iV^, 
&c., respectively, and let the pointe in which they cut the 
straight line OJi^, ... be C^, (7^, &e. 

We thus obtain the triangles OC^N, OC^N, &c, respectively 
equivalent to OAiB{, OA^B^', Sec, &c. lierefore, if the seg- 
ment OA = OCi+OC^ + kc., is taken on OA^A^..., and if 
through A the straight line AB is drawn equipollent to Olf, 
then OAB is equal to 0AiBi+0AjB2 + &c. 
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CHAPTEE VIII. 



CENTEOIDS. 



112.' Let us suppose that, in the theorems of Articles 43 and 
' 44, all the points £i, S^, ..., B^ coincide in a single point G; 
these theorems may then be stated as follows : 

If A-^G, A^G, A^G,,,,, A^G are « »egment.f, whoie remUant 
vaniiAet, and m any arbitrarily aatunted point in the plane, the 
retultant of the segments OA^, GA^, ..., 0A„ is equal (^equipollent) 
to n times the tegrnent OG (Fig, loo). 




Conversely : 

Let there be given « points A-^, A^, ...,A^, an4 let the resultant 
of the straight lines OA^, OA^, ... , OA^, which join the pole to 
the given points, he equal to n timet the straight line OG drawn 
from to 6, then the tame equality holds for any other pole 0" ; 

that is to say, the resultant of the straight lines CfA^, ffA^ 

(fA^ is equal to n times the segment (/G ; and the resultant of the 
straight lines GA^, GA^, ,.,, GJ^ is equal to zero*. 

113. The point G is called the Centroid of the points A^, 

A^, ...,^«. Let the (Fig. loi, where « = 4) points ^p^g 

A^ be given, to constmct their centroid ff we proceed aa 
follows. An arbitrary pole is taken, imd a circuit 

* OBABaHAKN, 1. o., p. 111. Chblini, Silt centrt de' $itlmti geomtlriei 
BweolM ecienU&a ; Botub, marto 1819), % 1. 
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OAi23 ...» constructed, whose initial point is and whose 
successive sides are equipollent to the segments OA^, OA^, ... , 
OA^. The straight line On, which closes the circuit, passes 

through the point Q, and Off = — . Instead of dividing On 

into n equal parts in order to obtain ff, we may construct a 
second circuit starting from another initial point (/ ; the 
straight line which doses this new circuit will cut On in the 
required point Q. 

114. The system of n given points cannot have another 
centroid G'. For if both the resultant of 6A^, GA^,... , GA,, 
and the result^t of G^Aj , G'A^ , . . . , &A^ should vanish, then the 
general resultant of all the segments GA^ , Aj^ &, GA^ , J^ ff ', . . . , 
GA^, A^ G' would also vanish. But if we combine the two 
segments GA^ , A, G', we obtain the segment ff ff' ; and therefore 
ffff' must vanish, that is to say, (?' must coincide with O. 

116. Again, if in the proposition of Article 4S, all the points 
^^, ^21 ••■< -^H ^^ supposed to coincide with a single point G, 
the theorem may be stated as follows : 

If G M tie ceniroid of tie points 1, 2, 3, ... , n, and if all thete 
poinU are projected hy meant of parallel rayg into tie points G', 
l', 2', 3',..., «' upon one ttraight line, then tie sum of the atraigit 
line* 1 1', 22', 33', ,.. , nn' ig equal to n tintee the atraigit line G(j 
(Fig. loa). 

As a result of this proposition, since r/ is 
the (oblique) distance of the point r from the 
straight line upon which we project, the point 
ff is also called the centre of mean distances * of 
the given points I, 2. 3, ...,«. 

lie. Instead of supposing in the pro- 
positions of Articles 43 and 44, that all the 
points .Bj, B^, ..., 5, coincide with a single 
point G, we now imagine some of them B^,B^, 
..., B^ to remain distinct, and the rest to coincide with a 
single point G; so that the resultant of the segments AjB^, 
A^B2, ...lAjBffAf^iG, .,., J^G vanishes; and, whatever the 
position of may be, the resultant of OA^, OA^, .,., OA^ is 
equal to the resultant of O^p OB^, ...,OBi,.{n~i).OG. The 

* Cabhot, Corrilatio* de ■ figtiret de giomitne t^aiit, 1801), No. 209. 
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first of these equalitieB does not change, if we euhstitute for the 
segment A^B^ the two others A^G, GS, or A^G, — B,G; the 
second equality will also continue to subsist if we add to both 
resultants the s^tnenta 5jO, ^jO, ..., £{0, so that it becomes 
an equality between the resultant of 0A^, OA^, ,.., 0A„, B^O, 
B^O, ..., BfO and the resultant of OB^, OB^, ..., 0B,> B^O, 
B^O, ..., BfO, {x—i}.OG; that is, between the resultant of 
OAj, OA^, ..., OA^, -OB^, ~0B^, ..., -OS^and (n-i) . OG. 

Hence: 

If the remliani of the legments A^G, A^G, .,., A^Q, —BjG, 
—B^G,.,,, ~B(G vanities; then, for any poini whatever, the 
resuitant of the segmentt OA^, OA^, ..., OA^, ~0B^, ~0B^, ,.., 
— OB^is equal to {n—i). OG: and conversely if thu equality »ul~ 
»itt» for any pole 0, it will also hold for any other pole (/, and the 
resultant of the segments A-^ G,A^G, ,.,,A^G, ~BjG, —B^G,..., 
—S^G mil vanish. 

117. Now let us assume that of the n points A^, A^, ...,Aa 
some coincide with one point, others {in like manner) with a 
Second point, and so on; and that the points ^i,^^' ■■■> ^i 
also unite in groups and coincide. Then if we use a^ , a^ , oj , . . . 
to denote positive or negative integral numbers whose sum 
is m, the foregoing proposition may be stated as follows : 

^ the points A^, A^, A^, ... and the point G are so situated, that 
the resultant (f the segments Oj .A^G, a^.J^G, a^.A^G,... vanishes, 
then, wherever the pole Omaybe,m. OG will be eqttal to the resultant 
of the segments oj. OA^, Og. OA^, a^. OAg, ... &o. 
And conversely : 

y this property holds for any pole 0, vis. that m . OG is equal to the 
resultant of a^ . OA-^ , a^ . OA^ , a^ . OA^ , ..,, then the same property 
holds fw every other pole (/, that is to say, the resultant of a^ . (/A-^ 
Oj. ffA^, 03. {/jig, ... is equal to m , ffG; and the resultant of 
the segments Oj .GA^, Oj . GA^, 03 ■ GA^... vanishes. 

118. The point G is called the centroid of Ihepoints A^,A^,A^, 
... weighted with the coefficients a^, a^, 03,.... For shortness 
however we say that G is the centroid (f the points a, . .^^ , 
a^.A^, a^.Ag, .,,, writing before each point the coefficient 
which belongs to it. 

119. Furthermore, from the proposition of Article 45 we 
obtain the following theorem : 

If Gi« the centroid of ihepoints a^.A■^, a^.A^, a^.A^, ... and if. 
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hy meam of parcdlel rays, the pomU G, Aj, A^, A^, ... are projected 
info the poinU C, A'-^,A\, A\, .,, vihich lie on a ttraight line, then 
the turn ^ the ttraight lines a^.A^A^, o^.A^A^, a^ .A^A^, ...it 
equal to m . Off, where m = 01 + 02 + 03 + ,.., 

On account of this property G is also called the centre of 
mean dittancee of the points ctj.A^, a^, A^, a^.Aj, .,,*. 

120. Hitherto the coefficients a^, a^, og, ... have been positive 
or n^ative integral numhers; we shall now extend the idea of a 
Centroidto^a case where a^, 0^,0,, ... are any numbers whatever, 
or rather parallel segmenta proportional to any given homo- 
geneous m^nitudes 

Let then the pbints A„ A^, A^,... be given, weighted with 
the numbers or parallel segments a^, a^, a^, .... Project the 
given points on to a straight line p', by means of rays parallel 
to some arbitrarily chosen direction, into A',, A\, ... ; and by 
means of rays parallel to another direction chosen at pleasure, 
project the same points into A'\, A'\, A'\, ... on a second . 
straight line p", not parallel tojt)'. Now determine a straight 
line / parallel to p', such that the distance from / to p* 
measured parallel to the rays AjA\, A^A'^, AgA^\ ...,isequalto 
ai.AiA'i + aj.A^A'j+as.A^A'yi-... _ 
oi + ^a + ^a-'- 
similarly determine a straight line /' parallel to p", such 
that the distance from r" top", measured parallel to the raya 
AiA"j, A^A^', .... is equal to 

Oi . AjA'\ + oj .A^ ^''j + oj . A^A'\ + ... 
«i + S + °s+- 

Let G denote the point of intersection of the straight lines 
/, /', and G', G" the projections of G upon the straight lines 
p', p" (by means of rays parallel to AA', Ad" respectively), 
then we shall have : 

ai.AiA{+ a^.A^A'^ + a3.AgA\+... =(01 + 0^ + 03 + ...). 0(7' 
aj.A,A"^ + a^.'A^A"^ + a^.AsA:'a+...=ia^ + o^ + as + ...).G(?'. 

Next, let p'" be any third given line, let us project upon it 
the given points and the point G, into the points A"\, A"\, 
A"'^,..., G'", by rays parallel to a new direction. Between the 
three rays which project the same point Aj or A^ or A^, there 

* L'HuiLlEB, SUmeHi ^anaZyie g6omilt-igu« et ffanalgte algibrique etc. 
(Puis, 1809), {2. - ■ 
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exists (Article 16) a linear relation with constaat coeffideuts, 

i.e. we have: 

k'. AiJ\ + A". ^1 A'\ + k'". AjA"\ = k, 
if. A^ A"^ + k". A^A'\ + kf". A., A"\ = i, 
kf. As A\ + if'. A^ A"s + kf". A, A"\ = i. 



if. GG' +k".G &'.+&"'. G G'" =k. 

Multiply these equations by ai,a2,0g, .,., —(05 + 03 + 03+...) 
respectively, and add the products; then we obtain, taking 
the equations already established into account, 
k'". {o, . A^A"\ + oj . ^j^"'2 + 03 . A^A'"^ + ... 

_(o:, + 0a+a3 + . ..).(?(?'"} = 0, 
or, 

a^.A^A"\ + a2.A.tA"'-i-y a^.A^A"\+ ... ={o^ + o^-\-a^+ ...).GG"'. 
That is to aay : 

If we project the points Aj, A^, A^, ..., G upon any straight line 
K&atever by means of rat/s, which are parallel to an arbitrarily 
chosen direction, then the product of the ray which projects G 
(Sy (flj + Uj + rtj + , . . ) M equal to the sum of (he products formed by 
multiplying each of the rays which project A^fA^iAg... by a^, a^, 
flg, ... respectively. 

We call the point G, so defined, the cenfroidof the poiota A^, 
4i, Ag,.,, loaded with the numbers or segments Oi, 0^,0^ 

The centroid does not change if we substitnt© for the coeffi- 
cients % , a^ , og , . . , others proportional to them, for by so doing 
we do not change the ratios o{af,a^,a^.,.,to 0^ + 0^+0^ + 

121. ^ the points A^, A2, A^, .,., and G are projected, by meaju 
of rays parallel to a straight line p", ontoanother straight line y, and 
if we use (/ to denote any point whatever of pf, we have identically: 

o,. (/^'i+Oj.O'^'a + as. (7 J:'j+... = (01 + 0^ + 03+ ...)(7G'. 

If we draw through (/ a straight line parallel to p", and pro- 
ject onto it, by rays parallel toy, the points .iJ,,^, A^, ,.., G 
into the points A"i, A".^, A'\, ... , G", we have the identities 
A^A!\ = A\0', A^A"^ = A\(y, A^A'\=A!^a ..., GQ" = &(/; 
but &om the foregoing theorem we have 
<.i.^i^"i + a,. ^^^"^ + 03.^3 ^"3 + ..,= (01+0^ + 03+. ..).ffG". 
and therefore the above proposition is true. 

122. If is an arbitrary point, the resultant of the segments 
a,.0^„Qj.0^j(,«g.O^,...,M (01 + 03 + 03 + ...). 00. 

By the segment a.-OA we understand a segment parallel to 
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OA, drawn either in the sense of OA or in the opposite sense, 
according as a is positive or negative, and whose magnitude is 
equal to that of OA increased in the ratio of a : 1 . Draw 
through the point a straight line p', and project upon it, by 
means of parallel rays, (he points A^, A^, A^, ..., G into the 
^omiaA\,A\,A\,..., &. Then the s^ment O^istheresoltaot 
of the segments 0A\ A' A, and therefore if we increase these 
segments in the ratio a : 1, the resultant of a . OA', a . A' A will 
be a . OA. It follows, that the resultant of Oj . OAj^ , a.^ . OA^ , 
og . OAg, ..., may be obtained by combining all the segments 
Oj. OA'j, a^. OA'.^, a^. 0A\, ... with the segments 0,^,^/^^, 

a^.A'-^A^jOg.A'^^ But the resultant (i.e. the sum) of 

at.OA\,a^.OA'^, a^.OA'^... \e, {0^ + 0^ + 0^+ ...).0&, and t&e 
resultant (or sum) of ai,A\A^, a^.^^A^, a^. A\A^, ... is 
(ai + a2 + <^ + ---)- 6'G'; therefore the resultant of the segments 
a, . OA^, Oj. OA^, og . OA^, .,., can be obtained by combining 
thetwo segments (o, + 03 + 03.,.). Off, (o, + Oj + Og..,). G'G, and 
consequently, it coincides with the segment (oj + a^ + Oj + .,.). OG. 

128. IfHia the eentroid of the poinU a^ . A„ a^.A^, a^ --^a 

and K the centroid of the poititg ^^ . By, ^^.B^, .,., then the centroid 
of all the given poinU a^. Ay, a^.A^,,.,, ^y.Bj, ^^.B^,... coincides 
mth the centroid of the two pointt m.H,n.K, where 
m = (01 + 0;+...), « = (^, + y3, + ...). 

For, taking an arbitrary pole 0, if we combine the straight 
line m . OH, the resultant of the segments Oj OAj , a. OA^ , ..., 
with the straight line « . OK, the resultant of the segments 
^i.B,,03.Bi,..., we find that (m + n).06, the resultant of 
m . Off, and n . OK, is also the resultant of all the segments 
oi- OAi, a^. OA^, ...,^.OB-y, ^^.OB.,, .... 

124, If aU the pointeA^, A^, A3, ... lie on a utraigkt line, their 
centroid G lies in the same straight line. 

This is clear, if we take the pole upon the straight line 
A-yA^A^.,.; for then all the segments O]. 0^, ,0.^.0 J^iQg- OA^,.., 
lie in this straight line, and therefore also their resultant 
m.OG lies in the same straight line. 

From this it follows : 

If we project Ay, A^, Ag, ..., A^, G upon an arbitrarily chosen 
straight line into the points A\ , A'^ , A'^ ..., A'^ , (/, then the point 
G' is the centroid <f ^ points a^.A'j, o^.A\, a^.A'^..., a^.A\. 

Let there be only two points Aj, A^ (Fig. 103, where the 
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aegments Oj, 03 are simply denoted by the numbers 1, 2} with 
coefficients Oi, Oj, then their centroid 6 is a point of the 
straight line ^lA^ • Since the resultant 
of the straight lines o^. GAi, a^- GA^ 
is equal to zero, we have 

a^.6A^ + a^.GA^= 0, 
or A^G:GA^ = a^:a^, 

and therefore ^^- '°^- 

A^G : GA^ : ^j4 = a^ : ai : o, + tti ; 
that is to say, the point G divides the segment A^A^ into 
two parts, which are inversely proportional to the numbers 
a, , Dj , and it lies inside or outside the given segment, according 
as Oj, a, have the same or opposite signs. 

K Oj = Dg, then A^G ^^ GA^, i. e. G is the middle point of 
AjA^. If 01 + 03 = 0, we obtain from the proportion A^^G: 
A^A2= Ogiaj + Oj the value A^G = 00, i.e. G is the point at 
infinity of the straight line A^A^. 

126. Xiet there be three given points Ai, A^, A^ not in one 
straight line (Fig. 104); and let Oj, a^, a^, 
whose sum is not zero, be their coefficients. 
The centroid of the points a^.A^, o^-A^ 
is a point Si on the straight line A^A^, 
and the centroid of the given points Oj-Aj, 
a^.A^, ag-A, is therefore the centroid of 
the points a^.A^, (oj + aa).^^, that is, it '^ , 
is the point G on the straight line A^Sj, *' 

which is determined by the relation 

But the triangles A^A^A^, GA^A, are proportional to 
their altitudes, therefore also to the oblique distances A-^S-^, 
OSj of their vertices from the common base A^A^ ; therefore 
GA^A^iA^A^Ag =o,:a,+a3 + aj. 
Similarly we prove that 

GA^Aji A ^AsA, = 03:0^ + 0^ + a^, 
GAiA^:A^AiA^= 0^:01 + 0^+03, 
and therefore 

GAjA,: GA^A^: GA^A^ = Oi-.a^-.og. 
That is to say ; the centroid G of the three points qj . J^, a^ . A^, 
a^.A^ divides the area A^J^A^ into three triangles QA^A^, 
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GA^Aj^, GA^Jg, which are proportional to the coefficients o^, 

Oj, ftg. 

Given the points Ai, A^,Ag, every system of values for the 
loads o^, 0^,0^, determines a point G on the plane A^A^A^, BJid 
conversely to every point G of the plane there oorresponda 
a fixed system of values equivalent to the ahove. This is the 
principle of the calculus of the centroid of Mobius. 

126. It follows {from the foregoing articles) that if we wish 
to find the centroid G ofthe given points J,, ^j,^a,... (Fig. 105) 
weighted with the coefficients 
(numbers or segments) Uj , a^ 
og , . . . , we must construct two 
circuits starting from two 
difierent initial points 0, (/ ; 
the sides of the first being 
equipollent to o, . OA, , a^ . OA^, 
a^. OA^, .,., and those of the 
second to a^. C/Aj, a^ . (/A^, 
Fig. 105. 03 . (X^s, .... The straight 

lines OS, (fS which respect- 
ively close the two circuits, intersect in the required point 
Q, and we have 

Oi?=(aj + aj + a3+...).OG, 

O'ii' = (ai + Oj + Og + ...). CG*. 

If the coefficients Oj, o^, &c., &c. are proportional to given 

segments %, a^, &c., &c. they will also be proportional to 

loads y '-j' &0-. &c. where h is any arbitrary segment; we 

can therefore make the sides of the first circuit equal to 

the lengths -j OA^ , y OA^ &c., &c., and if OS is the closing 

line then A. OB = {ai + a2 + as+ ...).0G. Hence it follows, 
that G is found, without constructing a second circuit, by 
determining on the closing line the segment 

06= '"^ 

ai+a2 + ag + ... 

If the coefficients a^.aji&c., ... are proportional to the areas 

«, , «2, &o., &c., which when reduced to a common arbitrary base 

k are equivalent to the rectangles ia^, ia^, ...,&&; they will 

* Gbabbkahn, Lc, p. Hi. 
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also be proportional to the segments a^,a^, ..., or to the loads 
■jJ , Y ^^^ if the circuit he constmcted with the sides 

^OA, tO^u. &C-.-..&C., then 0G= ^^^ . 

A A a-i + a^ + a^,... 

127. If ff is the centroid of the points a^ , J, , a^ . ^j , Og . ^b , 

. ■ . , and any point whatever, we have seen that the resultant 

OB of the segments o, . OAi , a^ . OA^ , a, . OA^ , , , . , is given by 

the equation 

OB={a^ + a^ + a^ + ...).OQ, 

whence qR 



If Oi + «2+''3+'"= 0, while OB is not zero, then 
06 = oo, or the centroid 6 is at an infinite distance. To 
find in what direction Q lies, let B^ be the centroid of the points 
Oj^2, ob^j, ..., o„A- Then B-^ is at a finite distance, because 
''2 + ''3+ -..Ob is not equal to zero, but is equal to —Oj. Let 
OB be the resultant of —ayOB^ and a^OA^, this resultant will 
be equipollent to c,£]^,, that is it will be independent of 
the point 0. Consequently the resultant of o^O^i, OjO-^^, ..,, 
a^OA,, where a-i + a^, .,., a^= 0, is constant in direction and 
in magnitude wherever may be, and is equipollent to the 
segments a^^B^A^ = a^^^ = ... a^B^^ ; 

where 5, is the centroid of the points CiAi, a^A^, ..., Or-i-^r-n 
0,4.1^,4.], ..., a^„. The point at infinity common to tii6 
segments B^A,, B^A^, ..., is the centroid G of the given 
points. 

Let parallel straight lines be drawn through each of the 
pointa Ai,A^,...,B^,B2, ■■■ in any arbitrary direction, and 
let them be cut by a transversal in A(,A^, ...,B(,B^ ..,, the 
theorem of Art. 121 applied to the points a^A^,a^A^...o^A^BsA 
to their oentroid Sj gives 

= -a^B^B(. 
Therefore a^A^A{-Va^A^A{->r ... = (ty\_A^A(-B^B{\, 
consequently a-^A^A^-^ra^A^A^-ir ... a^A^A^ = 
if the transversal is parallel to B^Ai, i.e. is drawn towards the 
centroid G at infinity. 

In the particular case when OB = 0, or when B^ coincides 
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witli A^, B2 ynO also coincide with A^, Sco:, &c. The centroid 
6 is then quite indeterminate ; or, in other words, the system 
of points OiA^, Oj^j) ■■■ ^^^ ^° centroid. The sum 

o^AjAj + a^A^A^' + ...,a^A,A^ 
is then zero, whatever the direction of tiie parallel lines 
A^A-^, A^A^' ,.,, and of the transversal A^'A^' ...*. 

126. Through the points J,, A^, A^, ... , and through their 
centroid (? segments A-iBj, A^B^, A^Bg, ..., OH are drawn ia 
an arbitrary direction parallel to one another, and proportional 
to the co-efficieuts 02,02,03, ..,,m = a] + a2 + *--> taking account 
of signs; that is, having chosen the positive direction of the 
segments, let the segments proportional to the positive co- 
efficients he drawn in that direction, and those proportional to 
the negative coefficients in the opposite direction. Let be 
an arbitrary point, and through it draw a straight line parallel 
to the segments AB, and upon this line project the points 
A^, A^, A^, .,,, G by parallel rays into A[, A^, A^, .... Q' \ 
then by the theorem of Art, 1 19 we have 

But the numbers 0^,02,0^, ...,m are proportional to the bases 
of the triangles OA^B^, OA^B^, OA^Bs, .... OGH, and the 
segments A-^A^, A^A^, AgA^', ..., GG' to the heights of the 
same triangles, hence the following theorem ; 

The turn of the triangles which join the tegments A^B^, A^B^, 
A^Bg,.,., to 0, M equal to the triangle which Joint the ttraighi 
line GH to the same pole 0, Whence it follow that Gil m the 
retuUant of the gegmentt AjBj, A^B^^ A^B^, ..., (Art. 4 7). 

1S9. This furnishes another construction for the centroid G. 
After drawing through Ai,A^,Ay, ... (Fig. 106) the segments 
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OjjOj.Oj, ..,, in an arbitrarily chosen direction, we combine 
them in the manner of Article 53. 

■ MObtob, 'Barg. Cahiil., { 9, 10. Bjltzbb, Sleream., { 11. 
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We ehaJl thus obtain a straight line r, in which the result- 
ant segment lies, and which must therefore pass through G. 
We now repeat this combination, only changing the common 
direction of the segments %, o^, 03, .,., and obtain another 
straight line / ; the lines r and / intersect in the required 
centroid, 

130. A figure (linear, superficial, or solid) is called homogeneous 
if all its points are weighted with equal coefScients. Geo- 
metrical figures are understood to be homogeneous, unless the 
contrary is stated. 

If the points in a figure are collLnear two and two with a 
fixed point, and situated at equal opposite distances from it, 
the fixed point is evidently the centroid of the figure. For 
instance, the centroid of a rectilinear segment is its middle 
point ; the centroid of a parallelogram is the point of inter- 
section of its diagonals ; the centroid of a circle, of a circum- 
ference, and of a regular polygon, is the geometrical centre of 
the figure (Figs. 107 and 108). 



Fig. 108, 

If the figure has an axis of symmetry, that is, if its points 
are two and two on chords bisected normally by an axis, this 
axis will also contain the centroid. 

131. Letthefigurebethetriangle^5C{Fig.io9). IfiJisthe 
middle point of BC, the straight line AB divides the area ABC 
into two equal parts. To every point X in one half there cor- 
responds a point X' in the other half, such that the segment 
XX' is parallel to BC, and bisected by AD. 
The centroid of every couple XX' is there- /\ 

fore on AB, hence the centroid G of the / V'^ 

area ABC lies on AB. Therefore G is the ^ / ^^ ' \ ^ 
point of concourse of the three median 
lines AD, BE, CF. It divides each of the '^ "^' 

three median lines into two segments which are in the pro- 
portion of 2:1. For, since the triangle ABB is cut by the 
transversal FGC, we have 

H a 
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FB CD GA 
But AF= FB, BC= 2BC, Uierefore 

GA ^' 
or GD = iAJ),mi simUarly ff^ = i BF, GF=i CF. The 
point G ia also the ceniroid of the three pointB A,B,C. 

182. If a (linear or areal) %ure is made up of a system of 
rectilinear segments, or triangular areas, then its centroid 
is that ofthe points a^.^,, 02.^2,03.^3, .,., where A^tA^jA^, ... 
are the centroids of the segments or triangles, of which the 
fignre is made ap, and the (nnmerical or segmental) co- 
efficients Oi, o^, %> ■■. are proportional to the segments or 
triangles themselves. 

183. Let the fignre be a circuit with rectilinear sides. Let 
A^,A^,Ag,.,. be the middle points of the sides, and 0^,0^, 
ag, ... segments proportional to the sides. Then, if we find 
by one of the methods abeady described (Articles 126, 129) 
the centroid G of the points A^, A^, A^, ... , weighted with 
the segments Oj, Ojt "ai ■-■ ; ^ is the centroid of the g^ven 
circuit. 

134. If the circuit is part of the perimeter of a regular 
polygon (Fig. i jo), its centroid can be fonnd in a much simpler 
way. Draw a diameter of the inscribed circle, and let the 
aides of the circuit be projected orthogonally upon it. Let o- 
be a side, A its projection, r the radius of the circle which is 
drawn through the middle point of <r, and^ the perpendicular 
let fall iirom the latter point on bo the diameter ; then the 
right-angled triangle of which <r is the hypothenuse and A on© 




of the other sides, ia similar to the triangle, whose hypo- 
thenuse is T and one of its other sides ^. 
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Therefore we have 

A tj 

- = - or A.f = »ff. 

;. r ^ 

Write down equations corresponding to these for all the aides 
of the circuit, and by addition we get 

where I is the projection of the whole circuit. 

Let Q be the centroid, y the perpendicular let fall from 
Q upon the diameter. Since. G is the centroid of the middle 
points of the sides, supposed to be loaded with the co- 
efficients 0-^, ffj, &c. respectively, we have (120, 133) 

Pi<Ti+j)z'ri + ... =3«, 
where i means the length of the whole circuit. Therefore 

This equation gives the distance of the point G from the 
diameter; the point 6 must also lie on that radius (OC) of 
the circle, which bisects the circuit, since this radius ia an axis 
of symmetry of the circuit. Draw a straight line EF = s, of 
which one extremity E lies on the diameter, and the other 
extremity F upon the tangent of the circle, which is parallel 
to this same diameter ; and then take upon EF a segment 
Eff = I, and through S draw a parallel to DF, cutting the 
axis of symmetry OC in G ; then, since the straight line EF is 
cut by the parallels EO, HQ, DF, we obtain : 
EF _ distance of -Pffrom EO 
EH ~ distance of HQ from EO ' 



I distance of EO trom 6 y 
and therefore G is the required centroid. We notice in the 
formula obtained above, that I is the projection of the (unclosed) 
circuit upon any diameter chosen at pleasure, and g ia the per- 
pendicular distance of the point G from the same diameter. 

Another cotulructiim. Upon the tangent CM, drawn at right 
angles to the axis of symmetry OC, set ofiF a segment 
CM = l», join OM, and draw from that extremity (A) of the 
given circuit, which lies on the same aide of the axis of 
symmetry as if, a parallel to OC, to cut OM in JV; through JV 
cbraw a parallel to CM, till it cuts OC'm G. In the similu: 
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triaoglea OCM, OGN the bases are respectively - > - , where 

by / we underBtand the projectioiL of the circuit upon the 
diameter perpendicular to OC. The altitude of the first 
triangle is r, and therefore that of the second is equal to the 
distance of from the centre 0*. 

136. This construction is applicable even when the regular 
polygon, of whose perimeter the given circuit is a part, has 
an infinite number of sides, that is, when it becomes a circle. 
Hence let the given line be an are AB of a circle whose centre 
ia {Fig. Ill); let « be the length of the arc, the half of 
which CM ia set off along the tangent at 
its middle point. Project the extremity 
A into N upon 03/" by means of a parallel 
to the axis of symmetry OC, and through 
N draw a parallel to MC cutting OC in G, 
Fie. III. ^ea Q is the centroid of the arc AB. 

For we have 
CM:CO= GN:GO, 
CM= \i, GN= \l, CO = r, 
therefore GO = y. 

138. If the given circuit is the perimeter of a triangle 
ABC (Fig. 1 1 a), its centroid G is the centre of the circle 
inscribed in the triangle DBF, whose vertices are the middle 
points of the sides of the given 
triangle. ' For, I), E, F are the cen- 
troids of the rectilinear segments 
BC, CA, AB ; and therefore 6' is the 
centroid of the points a.I>,^.E,y .F, 
where 

a:^:y = BC:CA:AB. 
The centroid A' of the points 
^.E, y.F divides the segment EF 
into two segments EA', A'F, such that 

FA':A'F=y:^ = AB.CA=:^AB:\CA = EI):BF. 
Therefore BA' is the bisector of the angle BBF, and conse- 
quently Q, which is the centroid of the points a.B,{^ + y). A\ 
lies on the (internal) bisector of the angle B of the triangle 

* Cdlmahh, 1.0., No. 94. 
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DEF, Similarly G must also lie opon the bisectors EB", FC' 
of the other two angles, and therefore G is the centre of the 
circle inscribed in the triangle DEF. q. e. d. 

137. Let the given figure be the quadrilateral ASCD {Figs. 
113, 114, 115), which may be r^arded as the algebraical sum 
of the two triangles ABB, CBB into which it ia divided by the 
diagonal BB. Let E be the middle point of BB. The centroids 
Gj, G^ of the two triangles are respectively so situated on the 




straight lines AF, CE, that G^E== idE and G^E=^CE. There- 
fore the centroid G of the quadrilateral is the centroid of the 
two points Qi- G„ flj. (?s, where aj:(i^ = ABB-.CBB = AF-.FC, 
where F ia the point of intersection of the two diagonals BD, 
AC. Since G, G^ divides two sides of the triangle AEC into 
proportional parts, it ia parallel to the third aide AC; whence 
it follows, that the straight line EQ divides G, ffj, and AC in 
the aame ratio, namely GG-i^:GG^ = a^:o^ = FC-.AF. In 
order to divide AC in the ratio FC-.AF, it ia auffieient to 
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interchange the segments AF, FC, that is, to make AH = FC, 
and HC = AF. The line joining EtoE divides 6^ G^ in the 
required point Q. 

The parallels G^ G^ and AC divide FA, EC, EH in the same 
raUo; and therefore 6E = ^HE, since G-iE=^AE, and 
G^E=iCE. 

If instead of BD we employ the diagonal AC, whose middle 
point is -ff, and if we interchange the segments BF, FB of BD 
(i. e. if we take BL = FB, and LD = BF) ; then the point G 
is so situated on LK, that OK = \LK. 

But E, the middle point of BD, is also the middle point of 
FL, and similarly K is the middle point of FS\ hence G is 
the centroid of the triangle FLH, that is to say : 

The centroid of a quadrilateral coincidei with that of the triangle, 
tohoge vertices are tie point of intertection of He diagonals, and 
the two points obtained by interchanging the tegntefutt on each of the 
two diagonals. 

Hence it follows that the straight line FG passes through 
the middle point /of HL*. 

138. If .AO, 5C are parallel {Figs. ii6, 117), and if we draw 
through the centroids of the triangles BCD, ABD parallels to 




,/ 




J 


>A 



AD, these parallels divide the straight line MN which joins 
the middle points of AD, BC into three equal parts. Since 
the straight line Mlf contains the middle points of all 

* CuLHAHH, 1.0., Na 9G. 0&. Qitarltrlg Journal qf Hathtmatica, voL 6 

(London 1861), p. 127. 
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chords parallel to AD, it is a diameter of the figure, 
and therefore the point Q lies in it, and divides ite central 
segment into two parts proportional to the areas of the 
triangles in question, i.e. proportional to 5C, AB. The parte 
of this central segment (since their sum Is \MB, and their 
ratio AD : BC) are respectively equal to 
MN.AB MN.BC 
3{AD + SC)' 3(AB + £C)' 
and consequently 

* * 3{AD + £C) 3{AJ)+£C) ' 

- 4^^+ ^^B^BCi - 3(AD + £C) ' 
whence MG-.GN = SC+2AI>:A1)+2BC. 

Every atrught line therefore which paases through G, and is 
contained between the parallels AD, BC, will be divided by Q 
into two parts proportional to BC+2AI) and AB + 2BC re- 
spectively. If now on BC we take CP = AD, and if on AD 
we take AQ = CB, it follows that the straight line PQ will be 
divided by MN into two segments proportional to MP, QN; but 

MP=iBC+AD, qN=BC+iAB, 
or ilP:QIf=:BC+2AD:AD + 2£C. 

Hence PQ passes through G. Since BP, QD are equal and 
parallel, PQ and BD bisect one another ; therefore PQ passes 
through J? the middle point of BD, that is, PQ coincides 
with HK 
If moreover we take on AD 

DS = CB, AA' =\A8, 
and if on £G we take C(f = A^ ; then, because 

A'N= AJ^-A£ = \AD~\{AD—BC) = \{AD+2BC} 
tJidMC = MC+CC==\BC + i{AD-BC) = i{BC+2AD); 

therefore A'Tf: MC=AD + 2£C : _BC+ 2 AD, 
that is A'C passes through G. 

Hence we obtain two simple constructions for the centroid 
of a quadrilateral with two parallel sides (i.e. a trapezium), 
either as the intersection of MN with PQ, or as the intersection 
of MN -with A'C*. 

• Cdlmanm, ibid. Walkbb, 0» ait #ai^ tmufrKcHoit (/ ihi centrt of 
pravitg of a trapttimn. (Qiurterlj Jonnul of Ukthematic*, vol. 9, London, 
1868, p. S89.) 
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189. The construction given above for the centroid of a 
quadrilateral fails in the case where the diagonaJs AC,BD are 
parallel (Fig. ii8). But in this case the 
triangles ABD, BCD are equivalent, and of 
opposite sign, so that ay-\-a^ = 0. It fol- 
lows that the area of the figure is zero, and 
^e centroid lies at infinity in the direction 
common to AC and BD. 

140. Now let it be required to find the centroid of any recti- 
linear figure whatever. We may consider the area of the figure 
to be the algebraic sum of the triangles, formed by joining the 
sides of the circuit to an arbitrary point 0. Having found 
thecentroida.^,,.^^) -^3' ■- of these triangles, and reduced their 
areas to a common base so that they are proportional to the 
segments 0-^,0^,0^,..., the centroid in question is the centroid 
of the points a, . .^j , a^.A^,a^.A^, ... which may be constructed 
by one or other of the methods already explained. 

If the pole is taken quite aibitrarily, then the number 
of triangles is equal to the number of sides of the circuit ; 
but if we take upon one of the sides, or at the point of 
intersection of two of them, then the number of triangles is 
reduced by one or two units respectively. 

Instead of regarding the proposed figure as the sum of 
triangles, we may also consider it as the aggregate of the 
quadrilaterals and triangles, into which it can be decom- 
posed by means of straight lines conveniently drawn. 

141. Example. Let the given figure be the self-cutting 
hexagon ABCI)EF{¥\g. 1 19), which is the sum of the triangles 
OBC, OCI>, ODE, OFA, being the point of intersection of 
the aides AB, EF. Of these four triangles, the first and last 
are positive, the other two negative. Let their oentroids 
(?,, G^, (?3, Q^ be found, and let the areas of the triangles, 
reduced to a common base, be proportional to the segments 
«i< <'^2>Ob'<^4- These segments a have the same signs as the 
triangles, the first and last of them are positive, the second 
and third negative. If now we wish to employ the method of 
Art. 126, we must first reduce the four products a^. OG^ to a 
common base A. In the figure, an arbitrary straight line x is 
drawn through 0, its positive direction is fixed, and upon it 
thesegments^.a^iOjiagia^ are set off from their common initial 
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point (k, Oj, Of in one sense ; aj , a^ in the opposite sense *). 
Then the final point of & is joined to G^, and through the 




Rg. 119. 
final point of , a parallel la drawn to this joimng line cutting 
OG, in H,. Thus we obtain OG^-.A = OU^-.a^, and therefore 
ar-OG,-=h.OE^. Now construct a circuit starting from 
with its sides equipollent to Off^, OH^, OH^, OHi ; the closing 
line is OR. FinaUy to oonstruct the point 6, given by the 
relation _ h.OR 



we set off along Osb from Its initial point the segment 

OS = a^ + ai + a^ + a^, 
join its final point to B, and draw through the final point 
oih a parallel to this joining line cutting O^in G. 

112. Again, let the figure be the crosa-section of a so-called 
Anple-iron (Fig. 1 30). Divide it into six parts, four trapeziums, 
one triangle, and one parallelogram, denoted in the figure by 
the numbers 1,2, 3,4,5,6. Construct the centroids of these six 
parts, and reduce the areas to a common base, determining the 
proportional segments 1, 2, 3, 4, 5, 6 ; and set off these six segments 

* In Fig. 119 (be final poinla of the legiaenla i, a 
tlienuelTes. Some of the rtrsight lioe« mentioDed i: 
tiiefigora. 
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in aaccesaion along a straight line 2z, Then through an arbi- 
trarily chosen pole U draw rajs to Uie points of zz, which 




bound the segments ; next draw through the centroids of the six 
component figures parallela to zz, and constmct a polygon, with 
its vertices lying on these parallels, and its sides respectively 
parallel to the rays emanating ft'om U. The two extreme sides 
of this polygon will intersect in a point; through which if 
a parallel to ^z is drawn, then Uiis straight line must 
contain the required centroid. In order to obtain a second 
straight line, possessing the same property, we either repeat the 
above detailed operations for another direction different to zz ; 
or else construct, as shown in the %ure, a new polygon, whose 
vertices lie upon straight lines drawn through the centroids 
1, 2, 3, 4, 5, 6 perpendicular to zz, and whose sides are respect- 
ively perpendicular to the corresponding rays of U, It is quite 
clear that this is just the same thing, as if we drew a new 
straight line zz perpendicular to the first, and then dealt 
with it just as we formerly dealt with the first zz. It should 
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be remembered, that in setting off the s^ments 1, 2, ... 
along zx, attention must be paid to their signs if the partial 
areas into which the figure jb divided are not all of the same 

143. In the foregoing construction two polygons were oaed 
for the purpose of Ending two straight lines, passing through 
the centroid we were in search of. 

Bat whenever we know i priori one 
straight line in which the centroid 
must lie, one polygon is sufficient, 
for example, when the figure has a 
diameter. This case is illustrated 
by the example (Fig. 131), where 
the figure possesses an axis of 
symmetry. 

The figure represents the cross- 
section of a douiie Tee-iron. 

144. We proceed now to the case of centroida of curvilinear 
figures, and first we examine that of a circular sector 0A£ 
(Fig. 122}. We consider it to 
be divided into an indefinitely 
large number of concentric ele- 
mentary sectors. The centroid 
of each of these, regarded as a 
triangle, lies upon a circle 
drawn with radius OA' = ^OA. 
The required centroid is there- 
fore the centroid G of the arc A'B'. 
point (Art. 135), set off the semi- 
are CA along the tangent CM, jom 
OM, and draw ^N parallel to 
OC nntQ it intersects OM in N. 
Then G is the foot of the perpen- 
dicular let fall from S npon the 
mean radius OG f. 

145. Next, let the circular seg- 
ment ABC (Fig. 123) be given. 
This is the difference between the 
sector OAB and tlie triangle OAS, or the sum of the sector OAB 




* Cduukit, 1. 0., Noa. 9fl i lie. 



t COUIASH, I.e., No. 95. 
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aud the triangle OB A. Therefore the centroid G of the segment 
lies on the straight line (the mean radius OC) joining the 
centroids G^, G^ of the sector and triangle, and divides the 
segment G.^ G^ into two parte inversely proportional to the 
areas of these figures. If we take OA' = \0A, and find the 
point N as just shown (Art. H4), then (?j, G^ are the feet 
of the perpendiculars let fall from N and A' upon the mean 
radius 00. Let F be the point of intersection of AB and 00, 
and H the foot of the perpendicular let fall from F upon OA. 
Then the areas of the sector and triangle are respectively 
etiaal to CM . OA, and FH . OA, that is to say, they are pro- 
portional to the lengths CM and FH; therefore, if through G^ 
and 6^2 two parallel s^ments G^/and G^ ^ ^i*^ ^'^^^^ i^ ^^^ 
same sense, equal or proportional to FH, and CM respectively, 
KI and 00 will intersect in G, the required centroid. In 
fact from the similar triangles GG^I, GG^Kwe have 
GiG:G^G=GJ:Q^K=FS:CM*. 
146. If the perimeter of the figure, whose centroid we are 
finding, consists of rectilinear segments and circular arcs, we 
decompose the figure by drawing the chords of these arcs 
or radii to their extremities ; then we know how to find the 
centroid and area of each part, and are able to apply the 
process of Art. 142. 

Example. Let us find the centroid of the figure already 
dealt with in Art. 107 (Fig. 124). For this purpose we first 
consider it to be broken up into three parts, the lune, the 
crown-piece, and the sum of the rectilinear parts ; then, 
regarding the lune as the algebraic sum of two sectors and 
one quadrilateral, the crown-piece as the algebraic sum of 
two sectors, and having divided the rectilinear parts by means 
of the straight line KCCK', we finally have the given figure 
equal to the sum of the following parts : 

1 Sector VAEA', 

2 Quadrilateral OAUA', 

3 Sector .4 O^'i^; 

4 Sector OffB, 

5 Sector OCC, 
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6 Trapeziums SCKU+S'K'CS', 

7 Trapeziams CJIK+K'fJ'C. 




We know how to determine the areas of all tbeee, and by 
reducing them to a commoD base we are also able to construct 
their centroidfi. In order to find the cenbroid of the sum of 
£CKH and H'K'CB', it is sufficient (Art, 138), to find the 
centroid of the trapezium BCKH, and then to draw through 
it a parallel to KC until it intersects the axis of symmetry 
EO; the point of intersection is the centroid required. 
Now to apply the process of Art. 142, we draw, in a direction 
different to EO, say in that of KCC/K', a straight line zz, on 
which we set off in succession the segments 1, 2, 3, 4, 5, 6, 7 
respectively proportional to the areas of the seven partial 
figures, noticing that the segments 3 and 5 must be set ofi* in 
the opposite direction to the others, because they represent 
negative areas. Through any point whatever 7 lying outside 
zz, draw rays to the limiting points of the above segments ; 
then draw lines parallel to zz through the centroids of the 
partial figures, and construct a polygon whose vertices lie on 
these panJlels, and whose successive sides are parallel respec- 
tively to the rays emanating from V. Now draw through the 
point of intersection of the first and last sides of this polygon a 
parallel to zz ; this line cuts the axis OU in the required 
centroid of the given figure. This point G falls in our figure 
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very near to the point 2, the centroid of the quadrilateral 
OAUA'. If we produce the sides of the polygon sufficiently, in 
order to find the point in which the first side cut« the fourth, 
and also that in which the fourth and sixth intersect, and if 
through these points we draw parallels to zz till they intersect 
the axis of symmetry, these latter points of intersection will 
be the centroids of the lune and the crown-piece. 
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BEOTIBTCATION OF CIBOULAE AECS. 

147. In order to develope a circular arc AB along its 
tangent (Fig. 135) -wp may proceed in the following way. 
On BA produced mark off a part 
AC = \ BA, and with C as centre and 
CB as radius, describe an are cutting 
the tangent AT) in B, Then AB is the 
length of the given arc, with a negative 
error, whose ratio to the whole arc is 
_ 6* fl« 

1080 ~54432"" 
being the ratio of the arc to the 
radius *. 

Otherwise (Fig. 1 26) : let i> be the middle point of the are 
AB, and E the middle point of the arc AT) ; let the radius 
OE intersect the tangent at ^ in 
C, and join CB \ then AC-\-GB 
is the length of the given arc with 
a positive error, whose ratio to 
the whole arc is 



4320 3484648 " 
Since 4320 = 4 x 1080, if we 
add to 4 of the length found by '^^- "^■ 

the second construction \ of that found by the first, the som 
obtained will be very approximately equal to the length 
of the are, with a positive error, whose ratio to the whole 
length of the arc is 

870912 "'^' 

* Baiteiki, On the approximate drmoing of circular arct of given Ungth 
(PhiloMphical Migadne, Ootober, 1807), p. S8S. 

-t" Bakkink, On ihe approximate TecHflcatum of eireular arei (Philoao- 
phical M«gMine, NoTember, 1867^ p. SSI. 
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For the proof of these roles we refer th» reader to the 
oiiginal memoira of Professor Banbine, cited in the foo^ 
notes. 

148. In regftrd to this qnestion, it will be convenient to 
mentioD at this point some methods sn^ested by Frofesscar 
A. Sayno, of Milan. 

The method given by Colmann for developing a circular 
arc AB along the tangent at one of its points is much too long. 
The length of a circnlar arc may be found graphically in 
a much simpler fashion, by having rQConrse to auxiliary 
curves, which drawn once for all can be employed in every 
example. 

Consider a convolution OMBS of the %iiral of Are&imetka, 
which when referred to its polar axis OX and its pole 0, has 




the equation p = a u*, and the circle drawn with centre and 
radius OA' = a. Let OM be any radius vector of the spiral, 
which cuts the circle in M' ; then the arc A'M'= OM. If now 
we wish to find the length of an arc A"M" of any radius what- 
ever OA", it is Bufiicient to place the spiral (supposed moved 
&om its previous position) so that its polar axis coincides with 
the radius OA" of the given arc, to mark on OA" the point A', 
and on the other radius OM" the point M in which it cuts 
the curve. Now take the spiral away and draw through A" 
a parallel to A'M, cutting OM" in M"', then OM"" is the 
required length of the arc. We can constmct this spiral 
upon a thin plate of brass, horn, or ivory j it is suffident 

* p U tbe radiui Teotoi OM, utd « ihe oorresjKoidmg Tectorial tagltA'OM. 
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to mark upon it the pole and the point A'. This would be a 
new instrument, which might be added as a ' Qraphometer ' to 
the case of drawing implements of an Engineer. 

The Spiral of Archimedei p = aia (Fig. 138) enables as also 
to develope the arc along the tangent. Having drawn the 




Fig. laS. 

circle whose radius OA = a, and the circle whose diameter OC 
= OA, if B, H are the points in which these circleB are 
cnt hy any radius vector OM, then 0^=the arc^^ = 
arc OH. Therefore, if we wish to set off the arc 07 along 
the tangent OX, we need only place the spiral in such a 
manner that the pole and the polar axis coincide respectively 
with the point of contact and the tangent OX of the given 
arc, and then mark the points H,M 'ax which the chord OV 
cuta the circle on OC as diameter, and the spiral. We then take 
■ away the spiral, and mark oflf on OX the segment OM'=:OM\ 
draw through V a parallel W to EM', and OV ha the 
reqiiired length of the arc. 

In order to increase the etiffiiess of t^e plate which 
forms the inatmment, it is beet to use the circle of radius 
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0(?=i OC, and then, aupposing the chord FO to he produced, 
we obtain OE' = BO. 

Another carve, which aervea the same purpose, is the &yj>er- 
holie ipiral, whose equation in pohir coordinates is a = fxo. 
Draw (Fig. 129) a convolution of this curve NMBCBA, and 




Fig. i»9. 

mark off a point A' on the polar axis, such that 0^ = a. Then 
the length of the circular are MM', of radius OM, is OA' ; hence 
the length of any circular arc whatever Af" M'", drawn with its 
centre at 0, is 0^', where ^" is got by drawing M"A" parallel 
to M^. This curve however ia of no use in determining the 
lengths of small arcs, so that for practical purposes the first 
curve is to be preferred. 
The hyperbolic spiral enables us also to divide angles in a 

very elegant manner. Thus, to find the arc M'N' = - M'M 
(Fig. lag), we need only produce the radius vector OM, take 
OM" = n ■ OM, and draw an arc of radius OM" to cut the spiral 
in N; the radius OiV meets 
the arc M'Mm the required 
point N'. 

In order to set off the 
arc along the tangent we 
can also employ another 
auxiliary curve, namely the 
involute of the circle. Take 
(Fig. 130) a circle of radius 
OA', and let A'M'S'CI/ 
be its involute. From the 
figure we have at once 
*^- 'SO- the arc MA'=MM', where 

MM' ia the tangent of the circle at M, If now it is required 
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to Bet off the arc IS" M'" (whose centre is 0), aloDg ite 
tangent from M", we need only draw OM', which if sufficiently 
produced cats the tangent in queetion in Jf", and M" M'"' 
is the reqaired length of the arc. 

149. By far the simplest method of rectifying the semi- 
circumferenee is that of a Polish Jesuit, Kochansky, which was 
published in the Acta £iuditomm lipsiee, year 1685, page 
397, according to Dr. Eottdier*. Let be the centre and 




Pig. 131- 

AB a diameter of the circle of radius = 1 , the angle COA = 30°. 
Then if we take CD =: three times the radius, we have 
£5" = AZ« + (C2>-Ci)= = 4 + (3— ft«i30°)», 
i.e. ^i> =3-14163, 

a value of the semi-drcumference true to four places of dedmals. 
By means of this method, the rectification of an arc greater 
than 90° can be reduced to the rectification of its supplementary 
arc. 



• [In the Xn voL (Leipdo, 1 
DBtDTl, tTntarridit.] 



I) of Hoffinum'i Zeiteehrift f^ math, nnd 
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AUTHOR'S PEEFACE 

TO THE ENGLISH EDITION. 



At a time when it was the general opinion that problems 
in engineering could be solved b; mathematieal analysiB only, 
Cuhnann's genius sudd^y created Qraphical Statics, and 
revealed how many applioationa graphical methods and the 
theories of modem (projective) geometry possessed. 

No section of Graphical Statics is more brilliant or shows 
more effectually the services that geometry is able to render 
to mechanics, than the one dealing with reciprocal figures and 
framed structores with constant load. 

It is to this circumstance that I owe the favourable 
reception my little work (£e figure reciproche nella ttatica 
grafica, Milano, 1872) met with eveiywhere; and not the 
least from Culmann himself. It had already had the honour 
of being translated into German and French. Having been 
requested to allow an English version of it, to be published 
by the Delegates of the Clarendon Press, I consented with 
pleasure to Professor Beare undertaking the translation. 

I have profited by this occasion to introduce some improve- 
ments, which I hope will commend themselves to students of 
the subject. 

L. CREMONA. 
Bom^ OaiAtr, 1888. 
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CHAPTER I. 

POLE AND POLAE PLANE. 

1. That dual and reciprocal correspondence between figures 
in space, discovered by Mobius* in wbicb, to any plane wbat- 
Hoever, corresponds a pole situated in the same plane, and all 
planes passing through any one point have their poles on the 
polar plane of that point is called a NulUsjttem by Qerman 
math ematicians . 

Such a correspondence is obtained in the following manner. 
Let there be a plane S, and four points miiA,£,C,D,jio three 
of which are in one straight line ; and let there be three 
other planes a, p, y passing through .iji), £i>, CD, respectively- 
These will be the fixed elements in the construction. 

Draw any plane whatever o- cutting the straight lines ^y, 
ya, a^ in P, Q, S respectively, then the planes PBC, QCA, 
RAB will all intersect in the same point S of the plane a. 

Demonstration. Let X, Y, Z, Xj , Y^, Z^ be the points in 
which the straight line ah intersects the sides SC, CA, AB, 
AD, £D, CD ot ihe, complete quadrilateral ABCD; these 
points form three pairs of conjugate points of an involutiouft 
by Desargue's Theorem. Since the planes fi, o-, a, meet in 
Xi the straight line QB common to the planes 7, a passes 
through that point; similarly BP passes through rj, and 
PQ through Zi. Of the six points in involution, taken now 
in the plane it, three, X,, Tj, Zi, belong to the aides QB, BP, 
PQ of a triangle PQB; therefore! the straight lines XP, 
TQ, ZS meet in one point S, which with PQB forms a com- 
plete quadrilateral 

* MOBItra, UtbM- ein» hetondtraArt dualer VeriOilnUit apUahm Figvren in 
Baimt, in vol. z. of Cr«lle'i Jonmal, Beriin, 1SS8, or in vol. i. p. 4S9, Qetam- 
mulU Wirke, Lcdpdg, 1883. 

Inrenlilytbiii^ntem ofradpiocal flgnrwin ipaeelud been klrMcly diaoorered 
1:7 OlOBQiNi (1827), (M^uorie dslls Sodetlt Italiane della ScieiiM Modena, toL ix). 

t Cbbhoita, Pn^eetivt Btometry (Oxford, 188G), Art. 131. 

} Cbxhosa, Pr^tetivt Qaoaetiy (Oxford, ISSG), Art. ISG. 
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Therefore the planes BCPX, CAQT, ABSZ meet in a pinnt 
5 of the plane PQ£. 

This theorem may be expressed as follows. 

If the faces of a tetrahedron ABC8 pass respectively throu^ 
the vertices of another tetrahedron PQRD, and if three faces 
of the latter pam through three vertiees of the former, thm 
the fonrth face of the second tetrahedron will pass throng 
tlie fonrth vertex of ibe first (Theorem of Molntts*). 

a. Starting from the fixed elemraits A,S,C,a,^y, let any 
plane v whatever be given, and let it be required to determine 
by means of this tiieorem the point 8 lying in it. 

The plane a meets the straight lines fiyt yo. ojS in three 
points P, Q, S, and the three planes PPC, QCA, BAB inter- 
sect in the repaired point 8. 

Conversely, given any point 8 whatever, to determine the 
corresponding pluie a, whidi passes tttrong^ 8. 

The planes SBC, 8CA, 8AB intersect py, ya, ap in three 
points P, Q, M, the plane of these points is tiie required 
plane. 

The point 8 is called Hxepole of the plane o-, and the latter 
is termed the fiolar jilaM of 8. 

8. If Uie plane <r change its position, the points Q,B in it 
remaining fixed, the pluies QCA, SAB wiU remain fixed, and 
therefore the point 8 will move on the straight line (which 
passes through A) conunon to these two planes. When 
the point F falls on J), that is, when <r coincides with 
QRD (i.e. a), the plute PBC coincides with ABCS, and 8 
falls on A. Then A is the pole of the plane a, and similarly 
£ and C are the poles of 0, y. 

If the arbitrary plane a passes through £f7, the traces of the 
planes QfiA , BAB on it, will be the straight lines QC, BB 
which are the traces of the planes y, ^ ; therefore the pole 
&lls in the straight line fiy, i.e. on P. The pointe P, Q,B 
ore consequently the poles of the plsnes PBC, QCA, BAB. 

If the arbitrary plane coincides with ABC, the point P falls 
on D, i.e. £ is the pole of the plane ABC. 

• HSbiub, Bum eo« aeet dreiwUigen Fgramiden eine jede m Bezag au/ die 
andert um wid mn-gacKretben lugkich heiiteni Tol. iii. of Cralle'i Jonnud 
(Berlin, 1S28), or GaammelU Werte, toI. i. p. 489. 
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4. The pole 5 of the arbitrary pl&ne a (or conversely the polar 
plane <r of the arbitrary point S) haa been determined starting 
from the system, supposed given, of three planes a, ^, y 
(having no straight line in common) and their poles A,S,C. 
But in the tetrahedron ABC8 the relations between the vertices 
(or the faces) are perfectly reciprocal, that is, are interchange- 
able ; so that just as 8 has been deduced from ABCa^y, so A 
may be determined from SBCtr^y ; and so on. From this it 
follows that ii8^,S^,8^ are the poles of any three arbitrary 
planes (Tj, iTg, (Tg (not passing through the same straight line), 
deduced in the manner above described from the system 
ASCa^y, the pole S of the plane v, determined from this 
same system, coincides with that which would he determined 
by a similar construction starting from SiS^S^ff^a^a^ as the 
given system. 

5. From the theorem of Mobius it follows that if the plane tr 
be drawn tiuough the pole i* of a plane v = PSO, the pole S 
of the plane tr falls in it ; therefore : — 

If a plane passes through the pole of another plane, con- 
versely the latter contains the pole of the former, that is 
to sayi — 

If a point lies in the polar plane of a second point, the latter 
lies in the polar plane of the former. 

From this it follows that the poles of all the planes passing 
through a point 5 lie in a single plane a , the polar plane of S ; 
and the polars of all the points of a plane <r pass through one 
and the same point 8, the pole of a-. 

6. Let a , ^ be two planes, and A , S their poles. Any plane 
whatever through AB will have its pole in a and in j3, that 
IB, in the straight line ap ; conversely, the polar plane of any 
point whatever of afi will pass through A and B, i.e. through 
the straight line AB. And any plane whatever through the 
straight line o^, which contains the poles of the planes through 
AS, will have its pole on the straight line AB ; and conversely, 
any point whatever of AB, being on the polar plane of the 
points of o^ , will be the pole of a plane through ap . 

Two straight lines, such as a^ and AB, each of which ia the 
locus of the poles of planes passing through the other, are 
called reeiproctti ttraigkt Unet. 
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Hence it follows th&t if a stniglit line r paases tiirongh a 
point A, ita reciprocal r' lies in a, the polar plane of A ; and 

conveisely. 

7. A Btraigbt line r, which Ilea in a plane a and passee 
tiiTough J, the pole of a, coincides with its reciprocal, that is 
to saj, it is reciprocal to itself. In fact, if Jf is any other 
point whatever of r, since M lies in a, tiie polar plane otA, 
then fx, the polar plane of M, passes through A. And since n 
must also pass Uu^ngh 3f, the polar plane of it or of any 
point whatever of the given straight line, r passes throagh 
the straight line r. 

From this it follows, that two reciprocal straight lines 
r and r', which are non-coincident, cannot lie in one plane. If 
a plane a passes through both r and r', the pole A of the plane 
will be on both r and r', and r woold lie in a plane and 
OODtain its pole, therefore r would be reciprocal to itself. 

All straight lines reciprocal to themselves and passing 
through a given point ^ lie in a, the polar-plane of A. All 
straight lines reciprocal to themselves and lying in a ^veo 
plane a pass through A, the pole of a, 

A system of atraight lines reciprocal to themselvea is 
called a linear comjilesB, and the straight lines are called ntjw ol 
the complex. 

Each ray of the complex which meets a given straight line 
r (not itself a ray) meets also its reciprocal straight line /. 
In fact, if ^ is the point common to the ray and to r, the 
plane a, the polar of A, must pass through the ray and 
the straight line /. 

Conversely, if a straight line t meets two reciprocals r and 
/, the straight line t is necessarily a ray. For, the point tr 
is the pole of a plane which passes through this point, and 
through / ; therefore the plane also passes through t Hence 
t lies in a plane polar to one of its own points, or ^ is a ray. 

From this it follows that all the straight lines (necessarily 
rays) cutting two reciprocal straight lines r and /, and 
another line i, also meet the straight line ^ reciprocal to <. 
Two pairs r/, m' of reciprocal straight lines are therefore 
situated on the same hyperboloid, tiie generators of which are 
aU mys of the complex of another system. 
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6. All planes parallel to the Bame plane may be considered * 
as having in common a line r' situated at infinity, therefore 
their poles all He on a stnught line r, the reciprocal of /. 
Changing the bundle of parallel planes, the straight line t re- 
mains parallel to itself, because it passes through a fixed point 
/ lying at infinity, that is, through the pole of the plane i at 
infinity, in which the straight line / is always situated. 

Such lines f, whose reciprocals lie at infinity, are called 
diameteri of the complex. 

Planes perpendicular to the common direction of the dia- 
meters are parallel to each other, therefore their poles are on 
a diameter. This diameter a, which is diatingoished from the 
other diameters by being perpendicular to the planes whose 
poles it contains, is called the central axU of the complex. 

Straight lines parallel to (he central axis are reciprocals 
to straight lines in the plane at infinity t ; and in particular 
the central axis is reciprocal to the line at infinity common to 
all planes perpendicular to the central axis itself. The point 
I, at infinity on the central axis, is the pole of the plane 
at infinity. 

0. If r and / are any two reciprocal straight lines whatever, 
the straight line which passes through their points at infinity 
will be a ray of the complex, and will therefore pass through 
the pole / of the plane at infinity ; that is, Uie points at 
infinity of two redprocal straight lines and of the central axis 
are all three in one straight line. Hence it appears that 
two reciprocal straight lines and the central axis are parallel 
to the same plane. 

Therefore, planes parallel to the central axis and passing 
through two reciprocal straight lines are parallel to each 
other. 

From this it follows that : 

If two reciprocal straight lines are projected parallel to 
the central axis, on a plane, not omtaining the direction of 
the central axis, their projections will be two parallel straight 
lines. 

We shall suppose that the projection is made on a plane 
perpendicular to the centrtd axis, 

* Cbbkovi, Fryecttve Geometry (Oxford, 1SE6), Art. Sfl. 
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polyhedron baa in the plane at infinity a polygonal face of 
n ^des. In this case, the first orthographic figure has ju— 1 
nodes, p'— » polygons, and »—n sides; and the second (not 
reckoning the Btniight line at infinity) possesses p-~l polygons, 
j/—n nodes, and <—n sides: where the numberB^,y, tare still 
connected by the relation 
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CHAPTER II. 

POLYGON OP POBOES AND FUNICULiE POLTGON AS 
EEOIPEOCAL FIGUSBS. 

14. Those reciprocal diagrams, which are obtained as the 
orthographic projections of two reciprocal polyhedra, present 
themselvea directly in the study of graphical sialics. The 
mechajiical property of reciprocal diagrams is expressed in the 
following theorem due to the late Professor Clerk Maswell* : 

'ff forces represented in. magnitude iy the lines of a figure be 
made to act between the extremities of the corresponding lines of the 
reciprocal figure, then the points of the reciprocal fgwe lOill all he in 
equilibrium under the action of these forces' 

The truth of the theorem is at once apparent, if we observe 
that the forces applied at any node whatever of the second 
digram are parallel and proportional to the sides of tiie corre- 
sponding closed polygon of the first diagram. 

The theorem is particularly useful, in the graphical deter- 
mination of the stresses, which are developed in frame-work 
structures. 

16. The first germs of the theory are met with in the 
properties of the polygon of forces, whose sides represent in 
magnitude and direction a system of forces in equilibrium 
applied at any point ; and also in the well-known geometrical 
constructions which enable us to determine the tensions of the 
aides of a plane funicular polygon f. But the first to apply 
the theory to frame-work structures was the late Professor 
Macquom Eankine, who, in Art. 150 of his excellent work 
Manual of Applied Mechanics (1867), proved the following 
theorem : 

' Jf lines radiating from a point be drawn parallel to the lines of 
resistance of the bars of a polygonal frame, then the sides of any 

• PhiloBophicftl MagMiiie. April 1864, p. 258. 

■)■ Vabichon. NouxtlU Micaaitpte oa Staiiqtit, do»t U projei fat donni «• 
ieS7 : Farij, 1726. 

E Z 
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polygon whote angle* lie in thete radiating lines will represent a 
tyatem of forces, lehich, being applied to the joints of the frame, 
mil balance each other ; each tuck force bein^ applied to the joint 
between the ban lehoee lines of resiitance are parallel to the pair of 
radiating lines that enclose the side of the polygon of forces, repre- • 
tenting the force in question. Also, the lengths of the radiatitig lines 
will represent the stresses alimg the bars to whose lines of resistance 
th^ are respectively parallel*' 

Rankine afterwards published an analogous theorem for a 
system of polyhedral frames f. 

18. The geometrical theory of reciprocal diagrams is specially 
doe to the late Professor Clerk Maxwell, who first in 1 864 J, 
and again in 187(i§, defined them generally, and obtained 
them from the projections of two reciprocal polyhedra. 

But his polyhedra are reciprocal in respect to a certain paraboloid 
of revolution, in the sense of the theory <f reciprocal polar figures 
of Poncelet \\ ; so that, projecting orthogonally and parallel to 
the axis, the coiresponding sides of their projections are not 
parallel, but perpendicular to one another. Hence we must 
rotate one of the diagrams though 90° in its own plane, in 
order that it may assume that position which it ought to take 
in statical problems. 

On the contrary, by the more general process, explained in 
this treatise, the orthographic projections of two reciprocal 
polyhedra give precisely those diagrams which occur in 
graphical statics. 

17. The practical application of the method of reciprocal 
figures was made the subject of a memoir by the late Professor 
Fleeming Jenkin, communicated in March 1869 to the Boyi^ 
Society of Edinburgh^. In that memoir, after quoting 

* Page 142 of the eixUi edition (1872). 

\ Philosophinl Mogozilie, Feb. \S6i, p. 92. 

X Ok rtoipTocalfigarn and diagramt of forces (Pliilosophical Magaxjne, April 
186*. p. 360). 

( On reeiproeal Jigari; framei and diogrami offorcet (TranasoUonii of the 
Hoyal Society of Edinbnrgh, vol. nvi. p. 1). See also \ letter of Profeatot 
KknkiQe in the ' Engineer.' Feb. 1872. 

S Or, ratb«r, th^t of Hosox. (See Ceaslzs, Aperju kittorique, p. 378.) 

^ On the pnmiical appHealion of reciprocal figures to the ealeidation <jf 
tlraim onframmeori! (TranaactioiiB of the Royal Society of Edinbni^h, vol. nv. 
p. 441). See i^ao, by llie Mine anthor % Oil braced arcAet and tuipeatioji iridgu. 



gmzeJ By Google 



-18] AS RECIPROCAL FIGDEES. 188 

the definition of reciprocal figures, and their statical pro- 
perty, as enunciated by Maxwell in Us memoir of 1864, ho 
adds : 

'Few engine^t V)Ould, howetm; mgped that the two paragrapht 
quoted put ai their dUposal a Temarkahly »imple and accurate method 
of calculating tie »tretses in_framewcirk ; and the author's attention 
v>a> dratim to tie method chi^y by the circumstance that it vas 
independentli/ discovered hy a practical draughttman, Mr. Taylor, 
working ta the 0§ice of the tcell-htown contractor Mr. J. B. Cochrane.' 

He also presents Bcveral examples, accompanied by figures, 
and finishes with this observation : 

' When compared mth algebraic methods, the simplicity and 
rapidity of execution <f the graphical method is very striking j and 
algebraic methods applied to frames, such as the Warren girders, i 
v>kioA there are numerous similar pieces, are found to result i 
frequent clerical errors, owing to the cumbrous notation which i 
necessary, and especially owing to the necessary distinction between 
odd and even diagonals' 

18. But, whilst speaking of the geometrical solution of 
problems relating to the science of construction, it b impos- 
sible to pass over in silence the name of Frofessor Culmann, 
the ingenious and esteemed creator of graphical statics*, for 
to him are due the elegant methods of that science, which, 
issuing from the Polytechnic School at Zurich, are now taught 
in technical schools throughout the world. 

Numerous questions of theoretical statics, as well oa many 
others which relate more particularly to certain branches of 
practical science, are solved by Frofessor Culmann by a simple 

read before the Eojal Scottish Society of Arta (Edinbnrgli, 1870) ; and the menKur 
On thv appUeation of graphic methodt to the determinalion of lie effteiencit* of 
machiaerg (Tranaactioiu of the RojH Soaietj of Edinburgh, vol. xzTiii. p. 1, 
1877). 

* 2)i« graphUch* Statu, Zxaich, 1830. In 187C appeared the Beoond edition of 
vol. i. with rich additions. The reader is advised to read the Preface to that lecond 
German edition, also Noi, SI and S2. Graphical Statica have been treated since 
in a whole Beriea of elementary works. See Vswin, Wrought Iron Bridytt 
a»d Rooft, London, 1869 ; Bow, Bcanomiea of cointf ruction in rtlation loomed 
liruelara, London, 1873 ; ClaBKS, Graphic Static!, London, 1880 ; Eddt, Ifea 
contfrtietioM in, Qraphieal Statiet, in Van Noatrand'a Engineering Magasine, New 
York, 1677-8, and Amenoan Journal of Mathematist, vol. i., Baltimca«, 1S78, 
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and imifoTm method, whioh reduce itself in substance to tKe 
construction of two figures, which he calls Krdftepol^gon, and 
Seilpolt/gon. And although he has not considered these figures 
as reciprocal, in Maxwell's sense, still they are so sub- 
stantially ; in particular the geometrical constructions which 
Culmann gives in Chapter V of his work, devoted to systems 
of framework {Das FacAwerk), almost always coincide with 
those derived from Maxwell's own methods. 

Moreover Culmann's constructions include certain cases, 
(which are not treated by the English geometer,) in which it is 
impossible to construct the reciprocal diagrams. 

10. First of all, I wish to show that the Kraftepolygon and 
the Seilpoli/gon (polygon of forces and funicular polygon) of 
Culmann can be reduced to reciprocal dit^rams. 

Let there be given in a plane (which suppose always 
to be the orthographic plane) n forces P^, ^, ..., ,^ in 
equilibrium, then by the polygon of forces we understand a 
polygon, whose sides 1, 2, ,,.,» are equipollent* to the straight 
lines which represent the forcesf- 

Take in the same plane a point 0, which will be called the 
pole of the polygon of forces, and join the vertices of the 
above polygon to that pole ; denote l)y{r«) the ray connecting 
Owith the vertex common to the two sides r and s. The 
funicular polygon corresponding to the pole is a polygon, 
whose vertices lie in the lines of action (which we shall 
call 1,2, ...,n) of the forces i^, ^, ^, ..., ii, and whose 
sides are respectively parallel to the rays proceeding from 
0%, in such a manner that the side comprised between 
the lines of action of J^ and P,, is parallel to the ray 0{ra), 
this side will be denoted by the symbol (rs). 

The funicular polygon will be a closed one, like the 
polygon of forces. 

20. If the lines of action of the given forces meet in the 
same point (Fig. in), we have two reciprocal diagrams, since 
evidently the two polygons will he the orthographic pro- 

* Equipollent, tliat is, eqaal in m^nitade, direoUoti and eense, a term due to 
ProfeBsor BellavitiB. 
+ The position of the first aide of that polygoa is a matter of choice. 
t The directloii out; of the first side of that poljgoD is determinate. 
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135 



jeotions of two pyramids, having each a polyhediul angle 

of » faces. 

K the forces are parallel, the polygon of forces is reduced to a 
straight line, which corresponds to the case where the base of 




the first pyramid is perpendicular to the orthographic plane, 
and the vertex of the second is at infinity, that is to say, the 
second polyhedron ia a prism having only one base at a finite 
distance. This case is illustrated in Figure za, in which the 




sides of the polygon of forces are not designated by one 
number only, but by two numbers, placed at the ends of 
each segment; so that the segments 01, 12, 23, 34,..., cor- 
respond to the straight lines 1, a , 8, 1 of the second dia£;ram. 
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Here, as in all which follows, we adopt in the text two 
seriea of numbers, 1,2, 3, /.,.,«..,; 1,2, S,T,s,todi8tinguiBh 
the lines of the one diagram from the corresponding lines 
of the other. 

21. Let us consideT now the general case, in which the forces 
do not aU meet in the same point. 

Take a, second pole 0'; join it by straight lines to the 
vertices of the polygon of forces, and construct a second 




funicular polygon corresponding to the new pole 0', that 
is to say, a polygon with it« aides parallel to the rays 
proceeding from 0', and its vertices situated in the lines of 
action of the forces. See Figs. 3 and 5, in which the rayB 
proceeding from the second pole 0', and the corresponding 
sides of the iunicular polygon, are denoted by dotted lines. 
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By operating in this way, it is plain that the two diagrams, 
the one formed by the polygon of forces and the rays iBsuing 
from the poles and 0', and the other formed by the 
two funicular polygons and the lines of action of the forces, 
are two reciprocal figures. The first is the projection. of a 
polyhedron* formed by two solid angles of « faces, whose 
corresponding faces form by their respective intersections 
a twisted polygon f of n sides ; the second ia the projection 
of a polyhedron comprised within two plane polygons of 
ffl sides, in such a way that the sid^ of the one meet 
the corresponding sides of the other. The straight line, in 
space, which joins the vertic^ of the two solid angles of 
n faces of the first polyhedron is conjugate to the straight 
line, which the two planes of the bases of the second 
polyhedron have in common. As a result of this, and 
of the property that two conjugate straight lines are or- 
thographically projected into two parallel straight lines, 
it follows, that any two corresponding sides whatever (rs), 
(ra)' of the two funicular polygons, intersect in a fixed 
straight line, parallel to that which joins the two poles 
and 0'. 

This theorem is fundamental in Culmann's methods. 

22. If we make the two poles and 0' coincide, the corre- 
sponding sides of tiie two funicular polygons are parallel 
(Fig. 4a). In this case the straight line which joins the 
vertices of the solid angles of the first polyhedron is per- 
pendicular to the orthographic plane, whUst the bases of 
the second polyhedron are parallel. 

28. The diagonal which joins the vertices of two tetra- 
hedral angles of the first polyhedron (Art. 21), or what is the 
same thing, the diagonal between two vertices of the twisted 
polygon, is conjugate to the line of intersection of the corre- 
sponding quadrilateral faces of the second polyhedron, which 

* Ttoi pdyhedroii liM Sn edges, 3ia trungular faoet, 2 polyhedxft] suglei 
of • tmeea, and * of 4 fnaes ; tlie other polyhedron hu S • edg«, S n tHhedral 
■nglei, 2 baaea which are poljgona of » eides, and n qDadrilateral facea. 

+ If thia polygon dBgeneratea into a continnona caxva, the polygon of forow, 
and the fanioular polygon become reapectively the curve of foioes, and the 
fanioalaT aarre (oatenary) of a plane coutinaoua syatem oF forcea. 
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Uhq unites the point common to two sides of the one of the 
bases to the point common to the corresponding two sides 
of the other base. In an orthographic projection, the first 
straight line is a diagonal joining the two vertices {r, r+ 1), 
(«, <+ 1) of the polygon of forces, that is to say, a strught 
line equipollent to the resultant of the forces ii+i.ij+g...,-?^ ; 
the second straight line is the line of action of the same 
resultant. Hence the line of action of the resultant of any 




number whatever of consecutive forces Pr^-i^ -^r+ii-"! -^ 
passes through the point common to the sides (r , r + 1) (s , s + 1) 
of the funicular polygon; another fundamental theorem of 
graphical statics. (See, for example, Fig. 311, the resultant of 
the forces 6,1,2.) 



24. If the diagonal in quest) 
perpendicular to the orthographi 
line is at infinity. Two verti 



ion of tiie first polyhedron is 

ic plane, the conjugate straight 

of the polygon of forces 



{r, r+l), {*, f+l) will then coincide in one point A (see 
Fig. 5a!, where r = l,s= 4), and the sides (r, r + l),{s,s + l) 
of each of the funicular polygons are parallel. 

The magnitude of the resultant of the forces ij^.i,ii+g, ...,P, 
will be infinitely small, and its line of action the straight 
line at infinity of the orthographic plane ; it is consequently 
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an infinitely small force, acting at infinity, equivalent to a 
couple acting in the aforesaid parallel sides of the funicular 
polygon, and represented in magnitude hy the straight line 
which joins the corresponding pole to the point A. Since 
these two forces are equivalent to the system of forces ^+i, 
Ji+ai •■■! ■'J. the one which acts along the side (r, r + l) is 




Kg. 5"- 



directed from A towards ; and the one which acta along the 
side (b, 8 + 1) is directed from towards A, 

26. Given the forces ij, >j, ig,..., ii_, (Art. 19), the 
two polygons (that is the force and funicular polygons) serve 
to determine the force P^, equal and opposite to the resultant 
of the given forces (see Fig. 3, in which » = 6). In fact, if we 

construct a ciooked line 1, 2, 3 (« — 1), whose sid^ are 

equipollent to the given forces ; it is clear that the straight 
line n which joins the extremities of the crooked line (when 
its direction is from the final to the initial point) is equipollent 
to ij,. Next take a pole 0, and construct a funicular polygon, 
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whoee firat n~l vertices 1, 2.S, ..., (n— l), lie in the lines 
of action of the given foreea ^, P^, Ig, ..., Pa-i', and whose 
sides (n,l)(l,a)(a,3) ...(n— l,n) ore respectively parallel to 
the rays connecting with the similarly named vertices of 
the first polygon. Then the straight line drawn through the 
last vertex n of the fDnicnlar polygon, (that is to say tiirongh 
the point where the first side (n.l) meets the last (n— l,n),) 
parallel to the last side n of the polygon of forces, is the line 
of action of ^. 

If the ^rst side of the fonicQlar polygon passes throu^ a 
fixed point, and the pole moves in a strai^t line, then all 
the sides pass throngh fixed points situated on a straight line 
parallel to the one described by the pole (Art, 21). This 
is contained in the celebrated porism of Pappus : 

' Si gvoteuTnque rectae Uneae tese mutuo tecent, nonpluret quam 
duae per idem jmncium, omnia antem in una iptarum data sint, et 
reliquorum muUifudinem kabeatium triangulum num^um, Kvjnt laiu» 
tinffula kahet puncta tangentia rectam lineam jxmiitme datam, quorum 
trium non ad angulum existent trianguU epatit unumquodque reli- 
quumpunctum rectam lineam potitione datam tanget*' 

26. If we consider the point to be capable of occupying 
any position whatever in the plane, the properties of the two 
polygons (that is the polygon of forcra and the fnnicular 
polygon) may be compendiously stated in the following geo- 
metrical enunciation: 

Let a plane polygon be given of « sidea 1, 2, 3, .,.,(«-!), 
«; and, in the same plane, n — \ straight lines X, 2, 3,..., 
(n — 1) , respectively parallel to the firat n — \ sides of the poly- 
gon. Join the point (i.e. a pole, moveable in any manner 
whatever in the plane) to the vertices of the given polygon. 
Imagine further a variable polygon of n sides, the first n— 1 
vertices of which 1 , 2 , 8 , . . . , (n — 1) , lie in the coiTesponding 
Aunilarly named straight lines, whilst its n sides (n.l), (1.2), 
(2.3) ...,(n— 1, n) are parallel to the rays which join the simi- 
larly named vertic^ of the given polygon to the pole 0, 
Then the intereection of any two aides whatever (r, r + l), 

* \iiai'hmtaiicae Cotlectimiei, prefsce to Book VII. p. 1S2, of the edition of 
COMUANSIHO (Venice, 1669). Seenllo the traOBlation or paraphrase of tbeporiam, 
given by Pobcblbt in No. 498 of H« Traitt de» proprUtis projective! (Fans, 
1822)]. 
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(s.8 + 1), of the variable polygon lies on a determmate straight 
line, parallel bo the diagonal which joins the vertices (r.r+1), 
(«, « + 1) of the given polygon. 

This theorem, which ia not very readily proved by means 
of the resonrceB of Plane Oeomttry alone, ia on the contrary 
self-evident, if we consider the two plane figures as ortho- 
graphic projections of two reciprocal polyhedra. 

27. The polygon of forces is the projection of a plane poly- 
gon, or twisted polygon, according as the directions of the 
forces /* do or do not meet in the same point. As we have 
seen in Art. 20, one of the two reciprocal diagrams in the first 
case is formed by the polygon of forces and the pole 0, the 
other, by the lines of action of the forces, and the funicular 
polygon correBponding to the pole 0. In the second case, 
on the contrary, another pole 0' must be added to the first 
diagram, and to the second a funicular polygon correaponding 
to this pole 0' ; we have further seen from Art. 22 that the 
two poles may be made to coincide, and that then the first 
diagram beoomea as simple as possible. But, if we wish on 
the other hand to simplify the second, it is best to remove the 
pole 0' to infinity in an arbitrary direction ; and then the 
polyhedron, of which the first diagram is the orthographic 
projection, has the vertex of one of its polyhedral angles at 
infinity ; and since the polar plane of a point at infinity is 
parallel to the central axis, the new funicular polygon cor- 
responding to 0' has all its aides on the same straight line 
(whose point at infinity is 0'). The absolute position of this 
straight line in the orthographic plane ia still arbitrary, and 
therefore it may be removed to infinity. 

Very simple results are also obtained by the following 
method: 

Suppose that the previously mentioned polyhedral angle of 
the first solid coincides with the infinite point of the central 
axis ; in the first diagram the pole alone appeara, since the 
edges corresponding to the other polyhedi-al angle are pro- 
jected orthograpbically into the verticea of the polygon of 
forces. The polar plane of the vertex 0' is now at infinity ; 
hence the whole of the second funicular polygon is at an infi- 
nite distance (see Art. 13). 

28. We conclude from theae very simple caees, that it ia 
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possible to consider the polygon of forces, and the funicular 
polygon, of a system of forces in equilibrium, situated in a 
plane (the ortkograpkic plane), but not meeting in the same 
point, as reciprocal diagrams. The one diagram is formed by 
the polygon of forces and the rays joining its vertices to a 
pole 0, and the other by the lines of action of the forces, 
the funicular polygon relative to the pole 0, and the straight, 
line at infinity ; the first diagram is simply the projection 
of a polyhedron, whose faces are obtained by projecting the 
« sides of a twisted polygon perpendicularly to the orthogra- 
phic plane, from a point in space at infinity. The reciprocal 
polyhedron, which has for its projection the second diagram, 
is the infinite portion of space, limited by a plane polygon 
and the n planes passing through the sides of that polygon 
and prolonged everywhere to the plane at infinity. 
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CHAPTER III. 

APPLICAnON OF EECIFBOCAL BIAGEAMS TO mAMEWOBK. 

30. Let us pass on now to the study of the more com- 
plicated diagrams, which present themselves in the theory of 
frames*. Consider two polyhedral reciprocal surfaces 2 and 
2', which possess an 'edge,' are simply connected f, and whose 
edges are two closed twisted polygons J; let n be the poly- 
hedron enclosed by the surface 2, and the pyramidal sur- 
face whose vertex is a point Q , taken arbitrarily in space, and 
whose base-line is the polygonal edge of 2 ; let n' be the 
polyhedron reciprocal to n , i. e, the polyhedron enclosed by 
the surface 2', the polar plane m of n, and the planes of the 
angles of the polygonal edge of 2'. Project orthographically 
the two polyhedra, and we obtain two reciprocal diagrams, 
which we will now proceed to study. 

Suppose that the polygonal edge of 2 hes n sides, and that 
the surface has besides these m ordinary edges § , and p faces. 
The polyhedron n will have n+p faces, and 2«+ot edges, 
and therefore m + n—p + 2 vertices. Hence 2 has, besides 
those on its polygonal edge, m~;) + l vertices ||. 

* A Frame ia a stcuctore compoBed of bars or rods altnclied togetlier bjr 
JMnta, whicli are comideTed merelj ui hinges or [avotH. Let AB be on; one 
bar (whose weight ii neglected) of sncli > frame ; and assume that no force 
atrb) upon it, except at the joints A , B. Then the whole of the forces (some 
external, some consiating of pressiireB from the bar or the bars which meet it at 
the joint A) acting on it at the joint A can be reduced to a single resultant : so 
ma^ those at the joint S ; and these resaltants being necessarilj equal and 
opposite, mast aot along the bar AB. Hence the bar is in a simple state of 
tennon, when these resaltants act outwards ; or of compreition, or thrust, when 
the; act inwards. A bar is called a tie when in teneion ; a striu when in com- 
pression (Cbo?iOH, lisclttrei o» Applied JUechaniti, at lAe Eogal Mililary 
Aeademg, London, 1877). 

•^ A Bor&oe with an edge is limply connected, if its edge is a single closed 
eontinnoDS line which does not intersect itself. 

t If the edge of S is a plane polygon of n sides, tiiat of X' will be a point, 
the vertex of a polyhedral angle of » faces. 

I Wa have eTidently m ^ H. 

Jj Therefore n> can never be less thanji — 1. 
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Reciprocally, n' has m + n—p + 2 faces, n+p vertices, and 
2a + m edges. 

30. Suppose now that the projection of £' is the skeleton of 
a frame with p Joints, and m rectilinear bars, and that the 
external forces which are applied to it have for their lines of 
action the projections of the sides of the polygonal edge of S', 
and are represented in magnitude by the » sides of the pro- 
jection of the polygonal edge of 2*. Then the projection of 
the face of n ', which lies in the plane to, will be the funicular 
polygon of the external forces, corresponding to the pole 0, 
the projection of Q ; and the projections of the m edges of 
£, not pertaining to its polygonal edge, represent the values 
of the internal forces or stresses to which the corresponding 
bars of the structure are subjected, in consequence of the 
given system of external forces. 

31. If the point Q is removed to infinity in a direction per- 
pendicular to the orthographic plane, the plane m will coincide 
with the plane at infinity. Then the first diagram reduces to 
the projection of £, ie. to the entire system of "the straight 
lines which represent the magnitudes of ' the external and 
internal forces; and the second diagram, from which the 
funicular polygon has completely disappeared, merely contains 
tiie skeleton of the structure (i. e. the lines of actions of the 
internal forces), and tlie lines of action of the external forces. 
In the figures which aocomptmy the text, the first diagram is 
indicated by the letter i, and tlie second by the letteru. 

32. If the external forces are all parallel to one another, as 
very frequently happens in practice, the edge of 2 will he 
a polygon situated entirely within a plane perpendicular to 
the orth<^aphic plane ; and therefore the sides of the polygon 
of external forces will all iall on one and the same straight 
line. 

33. The diagrams may be formed by other degenerate poly- 
gonal figures arising &om analogous d^enerations of the 
figures in space. 

Suppose, for example, that we have in space a soHd tetra- 
hedral angle, corresponding to a quadrilateral face in the 

* This ii odI; possible when X has no vertex at infinity ; i.e. vben X' hu no 
face perpendicoltr to the orthographic pUne. 
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reciprocal figure; and let two edgea (not opposite) of the 
solid angle approach one another indefinitely, in their plane, 
and ultimately coincide. The solid tetrahedral angle will 
be replaced by a system composed of a trihedral angle and a 
plane passing through one of its edges. Consequently the 
qaadrilateral face of the reciprocal figure will have two sides 
which, without ceasing to have a common vertex, will he super- 
posed and may have either the same or the contrary direction. 

Passing from the figures in space to their orthographic 
projections, we shall have in one of the diagrams a point from 
which four straight lines diverge, two of which will be super- 
posed i and in the other diagram a quadrilateral with three 
collinear vertices *. 

34. Given the skeleton of a framewqrk and the system of 
external forces, it is necessary first of all to construct the 
polygon of these forces, i.e. a polygon whose sides are equi- 
pollent to them. In the figures contained in this work both 
the external forces and the sides of their polygon are denoted 
by the numbers 1, 2, 3,,.., so disposed that, if we go round 
the contour of the polygon in the increasing order of the 
numbers, each side is passed over in the sense of the force 
which it represents. This way of going round the polygon ia 
called the cyclical order of its contour. 

When we wish to construct the diagram reciprocal to tiie 
one formed by the bars of the frame and by the lines of 
action of the external forces, the order in which the forces 
are nkade to follow one another when their polygon is con- 
structed is not arbitrary; this order is determined by the 
following considerations : 

In tlie polygon of external for ceg, Kkkh formf jiari if the diagram 
h, tie iidet equipollent to two forcet will he ad;acent, when the linet 
(faction (f those forces belong to the contour of the tame jiolj/goa in 
diagram a, hecaiue that polygon corretpondi to the vertex which it 
common to thote two gidet. 

Let us then give the index 1 to any one whatever of the 
external forces ; the line of action of the selected force is a 
side common to two polygons of diagram a \ the contour of 

* Eiunplea of these degenante forma are to be found at p. iU and in the first 
two tables of the memoir of FrofcMor rieeming Jenldn, already cited on p. 132, 
ISes, and in Fig. 9 of onr examplee. 



gmzeJ By Google 



146 APPLICATION OP EECIPROOAl [36- 

each of these contains the line of action of another external 
force ; thus there are two external forces which may be re- 
garded as contiguous to the force 1 , and the index 2 may 
he attributed to either of them indifferently, and the index 
» to the other, where n is the number of external forces. 
After this, the order of the other sides of the polygon of 
external forces is completely determined. Suppose that 
the joints, to which the external forces are apphed, all lie 
on the contour* of the skeleton of the framework, then 
the forces must he taken in the order in which we meet 
them in passing round the contour. When we do not follow 
these rules, as well as those previously laid down, we are 
stiU ahle to determine the internal forces graphically, but 
we no longer have two reciprocal digrams, and the figures 
will be very complicated ; since any segment which does not 
lie in its proper place will have to be repeated or removed 
to another place in view of further f constructions ; just 
what happens in the old method, which consists in con- 
structing a polygon of forces for each separate joint of 
the framework. 

36. The polygon of external forces being thus constructed, 
we complete the diagram 6, by constructing successively the 
polygons which -correspond to the different joints of the 
framework. 

The problem, of constructing a polygon all of whose sides 
have given directions, is soluble when only two of the sides 
are unknown. For this reason we ought to commence at 
a joint through which only three straight lines pass ; the 
lines of resistance of two bars, and the line of action of an ex- 
ternal force. The segment equipollent to the external force will 
be a side of the triangle corresponding to the joint in question, 
and consequently we are able to construct the triangle. 

• The contour of certain atmoturea (trnBeee) is composed of two ayatoms of 
bora, BD upper and lower. The bars whicli anite the joints of one of lliese systems 
to those of lie other (we conaider tham u going from the npper to the lower) are 
diagonal) or brace$, if the; are inclined from left to right, and if inclined in 
the opposite aenae c(mtra-diag<mal). We call the upright bars teriirali, 

t For this reasoQ Pigs, i and 3 of PL itI. in the atlas of Culraann's &Taphical 
8lafiai are not reciprocal, and similarly Figs. 7 and 7, of pi. xii., &c. ; on 
the other hand, disgrama 108 and 169 of p. 422 (1st edition) are perfectl]' 
reciprooal. 
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The conBtruction presents no ambiguity, if we rememlier 
that to & bar of the framework belonging to the contour of a 
polygon of the diagram a, to which the lines of action of two 
external forces also belong, correBponds in the diagram d a 
straight line passing through the vertex common to the sides 
equipollent to those two forces. 

Then we pass on successively to the other joints, taking 
them in such an order that in each new polygon to be 
constructed only two unknown sides remain. 

In the figures given, all the lines of each of the diagrams 
have numbers attached to them indicating in what order the 
operations are to be performed. 

' The figure can be drawn in a few minute*, whereat the algebraic 
computation of the ttreatet, though offering no mathematical diffi- 
eulty, is singularly apt, from mere complexity of notation, to result 
in error*.' 

S6. A superficial consideration might lead us to conclude 
that the solution of the above problem is possible and deter- 
minate, even in the case where the frame has no joint at which 
three straight lines only intersect f. 

Suppose, for example, that the skeleton of the structure is 
formed by the sides 6,6,7,8 of a quadrilateral and the 
straight lines 6,10,11,12 which join its vertices to a fifth 
point; and let the external forces 1,2,3,4 be applied at 
the vertices (8, 8, 0), (6, 6,10), (e, 7, 11), (7, 8. 12) of the 
quadrilateral I . Construct the polygon 1, 2, 3, 4 of external 
forces and through the points (1, 2), (2, 3), (3, 4), (4, 1) re- 
spectively, draw the indefinite straight lines 5,6,7,8. 

Then our problem is, to construct a quadrilateral, whose 
sides 9,10,11,12 are respectively parallel to the Lines denoted 
by these numbers in the given dia^am, and whose vertices 
(9, 10), (10, 11), {11, 12), (12, 9)lie respectively on the straight 
lines 5,6, 7,8. Since the problem of constructing a quadrila- 
teral whose aides have given directions (or pass through given 

* ProfeBior Fleeming Jenkin, p. 143 of the volnniB of Ihe TrBUBactiona of Edin- 
burgh alre»d; cited on p, 132. 

i" The frame or trusa ia always supposed to be formed by triangles only. 

t Exactly the suae reaaoning sppliee to the structure fanned by any polygon 
whatever, and the straight lines goining its rerticefl to a filed point. 

We have given no figures for tliis article, bat the reader can easily supply 
them for bimaelf. 

L 2 
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points on the s&toq straight line), and whose verticeB lie on 
four fixed straight lines admits in general of one, and only 
one, solution ; we might at first sight suppose that the diagram 
of forces is completely determined. 

But this illusion vanishes when we rememher that the geo- 
metrical problem presents certain cases which are impossible 
and indeterminate. In a word, suppress one of the con- 
ditions, that is, assume that the quadrilateral has its sid^ 
parallel to the given directions, and that its first three vertices 
only lie on given straight lines 5 , 6 , 7 ; then we know that 
the fourth vertex describes a straight line r* whose point of 
intersection with the given straight line 8 , will determine 
the fourth vertex, and give the required solution. Now if the 
data are such that r is parallel to 8 , we arrive at an impossi- 
bility. Again, making a still more special hypothesis, if the 
straight line r coincides with 8, the problem is indeterminate, 
and an infinite number of quadrilaterals will satisfy t^e con- 
ditions of the problem. 

In order to show that the construction of the diagram reci- 
procal to the given diagram is indeterminate or impossible, it 
is enough to reflect, that if we consider the given diagram as 
the polygon of forces whose magnitudes are represented by 
the segments 6,6,7,8, the pole of the polygon being the 
point (8, 10, 11, 12), then the reciprocal diagram (9, 10, 11, 
12) is simply the corresponding funicular polygon. But, 
in order that the construction of the funicular polygon 
may be possible, it is necessary that the forces should he in 
equilibrium : if then we suppose the magnitude of the forces 
5, Q, 7, 8 given, and also the lines of action 5, 6, 7 of three of 
them, the line of action of the fourth is perfectly determined, 
and is the straight line r of which we have just spoken. 
Hence if r and 8 do not coincide, the forces in question 5 , 6 , 7, 8 
are not in equilibrium, but are equivalent to an infinitely 
small force at an infinite distance, and the problem is impos- 
sible ; if, however, r and 8 do coincide, that is to say, if 
the forces in question are in equilibrium, the problem is inde- 
terminate, since for a given pole and system of forces we are 
able to construct an infinite number of funicular polygons. 



Digitized ByGOOgle 



-87] DIAGRiMa TO FBAMEWOEK. 149 

In the £rst of these two cases, equilibrium might be 
obtained by combining the forces 5, 6, 7, 8 with a force 
equal and opposite to their infinitely small resultant, situated 
at infinity, i.e. by considering the polygon 6,6,7,8 as the 
projection not of a quadrangle but of a pentagon, two succes- 
sive vertices of which project into one and the same point 
(7, 8, 12). The fitraight line la would then be the projection 
of two distinct straight lines in space, and consequently in 
the reciprocal diagram, to the point (9,10,11,12) there would 
correspond an open pentagon 9, 10, 11, 12,12', having its 
vei-tices (9, 10), (10, 11), (11, 12), (l2'-9) situated respectively 
on the straight lines 5, 6, 7, 8, and its vertex 12, 12' at infinity. 

37. Each rectilinear bar of a framework is the line of 
action of two equal and opposite forces, applied respectively 
at the two joints connected by the bar. The common magni- 
tude of these two forces, that is to say, the measure of the 
stress which they exert on the bar, is given by the length of 
the corresponding straight line of diagram i. These two 
forces may either be considered as actions or as reactions : 
to pass from one case to the other, it is only necessary to 
reverse their directions*. 

38. Each joint of the framework is the point of application 
of a system of at least three forces, in equilibrium ; one of them 
may be an external force, the others are the reactions which 
are called into play in the bars which meet at the joint in 
question. It is sufficient to know the sense of one of these 
forces m order to obtain that of all the others. Two cases are 
possible. 

First, if an external force be applied at the joint con- 
sidered ; then if we pass along the corresponding side of the 
polygon of forces in the sense of that force, each of the other 
sides of the polygon will be passed over in the sense which 
belongs to its corresponding internal force, considered as a 
reaction applied at the joint in question. If, on the con- 
trary, we wish to find the sense in which the inteiTial forces 
would act when considered as actions, it is sufficient to reverse 
the direction of the external force. 

* In the Ggorei of this work the Uee are ghovn hj finer lines than tlie stmts. 
In the figures of Cnlmuin and Benleam the atrnta ve shown in double lines, the 
ties by single onet See the £nt note on p. 143. 
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If the only forces which act at the joint in question are 
internal forces, it ia likewise sufficient to know the senee of 
one of them in order to find by the process just explained the 
sense of all the others. 

We shall call that order which corresponds to the internal 
forces considered as actions the cyclical order of the conlour of 
a polygon of the diagram 6. We see then, that by commenc- 
ing at any joint at which an external force is applied, we are 
able to determine in succession the magnitude and sense of all 
the internal forces. By considering one of the internal forces 
as an action applied at one of the two joints between which it 
acts, we are able to recognise at once whether the bar connect- 
ing the same joints is in compression or tension. 

Every straight line in diagram i is a side common to two 
polygons : in going round the contour of each of them in their 
respective cyclical order, the sides will be described once in 
the one sense, and once more in the contrary sense *. 

This corresponds to the fact that the straight line in ques- 
tion represents two equal and opposite forces acting along 
the corresponding bar of the framework. 

39. We know that the algebraic sum of the projections of 
the faces of a polyhedron is equal to zero. By applying this 
theorem to the polyhedron IT (Art. 29), remembering that the 
projection of the surface S forms the polygons of the diagram 
b, corresponding to the joints of the structure, whilst the pro- 
jection of the rest of the polyhedron n is simply the polygon 
of external forces, we arrive at the following theorem : 

Begardivg the area of a polygon at positive or Ticgative according 
as that area lies to the right or to the left of an. observer passing 
round its contour in the cyclical order which belongs to it, then the 
sum of the areas <^ the jpolygons of diagram b which correspond 
to the Joints of the framework is equal and opposite to the area of 
the polygon of external forces. 

Clerk Maxwell has arrived at this theorem in another 



* This property ia in aooordiuioe with -flie BtMsallad Laa ofBdgit (Kantbh- 
GESBTZ) of pal7he<lra poBseaeing one Internal earfaoe Etnd one external. 

See MObecfs, Ud>er die Betiimtming det Inhaltt einet ToU/tdert (LeipdgsB 
Beriohte. 1866, vol. 17, p. 33 and following}, or GeiammeUe Werke, 2nii Band, 
p. 473 ; also Balizeb, Stereoautna, i 8, Art. 16. 
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way by investigating whether it is possible or not to con- 
struct the diagrams of forces * for any plane frame whatever. 

40. The method of tedimu generally employed in the study 
of variable systems fumiahes a valuable means of verification. 

^ an ideal teciion be made in tie stmctwe, then in each of the 
parte to obtained, the external forces are in equiUhrium with the 
reactiont cf the ban cut acroi» hy the section,. 

If only three of the reactions are unknown, we can deduce 
them from the conditions of equilibrium, since the problem 
of decomposing a force P into three components, whose lines 
of action 1,2, 3 are given and form with 0, the line of action of 
P, a complete plane quadri- 
lateral, is a determinate pro- 
blem and admits of only one 
solution. 

In fact (Fig, 6) it is only 
necessary to draw one of the 
diagonals of the quadrilate- 
ral, for example, the sti'aight 
line 4 which joins the points 
(0,l), (2,3); to decompose 
the given force into two 
components along the straight 
lines 1, 4 (we do this by con- 
structing the triangle of forces 
0, 4, 1 of which the side o is 
given in magnitude and direction) ; and finally to decompose 
tlie force 4 along the straight lines 2 and 8 (by constructing 
in like manner the triangle of forces 4,3,2). 

This method, which may be called the static method, is all- 
sufficient for the graphical determination of tiie internal forces, 
equally with the geometrical method, previously explained, 
which is deduced from the theory of reciprocal figures, consists 
in the successive construction of the polygons corresponding 
to the different jointa of the structure. The static method is 
at least as simple, it can be rendered very useful in combina- 
tion with the latter method, and it permits the rapid verifica- 
tion of the constructions. The external forces applied to a 
portion of the structure, obtained by means of any section 
* Memoir of 1870, p. 30, alrend; cited on p. 132. 




Fig. 6. 



Digitized ByGOOgle 



152 APPLICATION OF EECIPBOCAL DIAOBAMB TO FKAMEWORK. 

whatever, and the reactions of the bars that axe cut, must have 
the property that the corresponding lines of diagram b form a 
closed polygon. This polygon must be the projection of a 
closed twisted polygon, and not merely of an open crooked 
line whose extremities are situated in a straight line perpen- 
dicular to the orthographic plane; this condition requires 
that the twifited reciprocal polygon shall also be closed, i.e. we 
are able to unite the corresponding lines of the diagram a by 
a closed funicular polygon. 

The method of sections may also be presented in another 
form. Denoting again by the resultant of all the known 
forces applied to the portion of the structure considered, and 
by 1,2,3 the three unknown reactions, the sum of the moments 
of these four forces in regard to any point whatever is zero. 
Now, by taking as the centre of moments the point where 
two lines of reaistanee meet, for example, the point (2, 8), the 
moment of the third reaction 1 will be equal and opposite 
to that of the force 0. We thus obtain a proportion between 
four magnitudes (the two forces and their moments) among 
which the only unknown quantity is the magnitude of the 
force 1 ■ This is the method of statical momeitts, by which 
the internal forces developed in the different bars of a frame- 
work can be calculated numerically, instead of being con- 
structed graphically *. 

• See A. BiTTEB, Elemtnldre l^ifoiie ttnd BereolnuBj oaerneT Back' und 
BT'Stlcett-CanitTucHonem, 2Dd edition (H&nuover, 1870). 
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CHAPTER IV. 

EXAMPLES OF FBAME- AND STRESS- DIAGBAHS. 

41. We will now pass on to the study of some suitable 
examples to show the simplicity and elegance of the graphic 
method. We do not always adhere to regularity and sym- 
metry of form in the structures which we are about to study, 
although in practice engineers hardly ever depart from these 
conditions. But the tymmetrical formt of practice are only par- 
ticular case» of the irregular <meg of ahgfract geometry : and there- 
fore the forms which we shall treat include all the cases 
which are possible in practice. In what follows, the expres- 
sion 'framed structure' wiLl be used in the general and 
theoretical sense which Maxwell atti-ibuted to the word 
frame. 

' A frame it a »y8tem of lines connecting a number of points. A 
ttiff frame is one in which the distance between any two points 
cannot be altered without altering the length of one or more of the 
connecting lines of the frame. — A frame of s points in a plane 
requires in general 2« — 3 connecting lines to render it stiff*.' 

We confine ourselves to the study of plane figures formed 
by triangular parts. 

43. As a first (general and theoretical) example, let 1,2, 
3, ... , 10 (Fig. 7 a) be a system of ten external forces in equi- 
librium ; construct the coiTeeponding polygon of forcea, and 
join its vertices to an arbitrary pole (Fig, 7 4, in which the 
polygon of forces is represented by double lines). Draw next 
a funicular polygon, having its sides respectively parallel to 
the rays from (Fig. h), and its vertices lying in the lines of 
action of the forces 1,2,3, ... ,10. The forces in question are 
applied at the different joints of a framed structure, the bars 
of which are numbered from 11 up to 37 (Fig. 7 a). 
* F»ge 291, Fhil. Mag., Aplil 1801. 
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We commence by constructing the triangle corresponding 
to the joint (10,11, 12), drawing tlirough the extremities 
of the straight line 10 two straight lines 11, 12, respectively 





Fig. 76. 

parallel to 11 and 13 ; we notice that the straight line i 1 
must pass Uirough the point (1, 10), because in the dia- 
gram a, the lines 1, 10, 11 belong to the contour of the same 
polygon*; for the same reason 12 must pass through the 
point (9 , 10). Passing round the contour of the triangle just 

' Thl» polygon is a qoAdrilateral, whose fourth side is the side of the fonl- 
ciilor polygoD comprised between the folves 1 ana 10. As previously stated 
(Arts. 27, 81) the nhole of the funicular polygon might have been removed to 
infinity. 
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obtained, in a Bense contrary to that of the force 10, we 
obtain the sense of the actions called into play at the joint we 
are dealing with, along the linea 11 and 12 ; and it Ib thus seen 
that the bar 11 is in a state of compression and the bar 12 of 
tension. 

Now conatmct the quadrilateral corresponding to the joint 
at which the force 9 is applied, and for this purpose, draw 13 
through the point (11, 12) and 14 through tlie point (3,9). 
The bar 13 is in compression, 14 in tension. 

Next construct the pentagon corresponding to the joint at 
which the force 1 is applied, by drawing 15 through the point 
(13, 14), and 16 through the point (1,2). The pentagon thus 
obtained is a Crossed one. The bar 16 is in tension, 16 in 
compression. 

Then construct the pentagon corresponding to the joint at 
which the external force 8 is applied ; by drawing the line 
17 thi-ough the point (15, 16), and the line 18 through the 
point (7, 8). The bar 17 is in compression, 18 in tension. 

Continuing in this manner we find all the other internal 
forcefl. The last partial construction ^ves the triangle which 
corresponds to the point of application of the force G . The 
bars 20, 21, Hi, 26, 27 are in compression ; 19, 22, 23, 26 
are in tension. 

43. Figure 8 a represents a bridge girder, at the joints of 
which are applied the forces 1, 2, 3,... , 8, 9, 10, ..., 16 all 
vertical; the forces 1 and 9 acting upwards represent the 
reactions of the supports ; the forces 2 , 3 , . . . , 8 are the weights 
applied at the joints on the upper platform; and 10,11, ..., 
16 the weights applied at the joints of the lower platform. 

These forces are taken in the order in which they are met 
with in going round the contour of the structure; and in 
diagram d the sides of the polygon of external forces are 
disposed in the same order. This polygon has aU its sides 
lying in the same veiiical straight line ; the sum of the 
segments 1 , 9 is equal and opposite to that of the segments 
2,3,... 8, 10, 11,..., 16, because the system of external forces 
is necessarily in equilibrium. 

The diagram S is completed by following precisely the same 
rules as those just laid down. Commence at the joint (1, 17, 
18) ; draw the straight line 1 7 through the point (1,2), where 



Digitized ByGOOgle 



156 



EXAMPIJia OP PBAME- AND 8TBES8- DIAGEAMB. 



[48- 



the upper extremity of the segment 1 meets the upper 
extremity of the segment 2 ; and the straight line 18 through 
the point {16, 1), which is both the lower extremity of the 
segment 1 6 and that of the segment 1 . 
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Kg. 8«. 

Pass on to the joint (2, 17, IB, 30). Draw 19 through the 
point (17, 18), and 20 through the point (2, 3), the lower end 
of 2 and upper extremity of 3 ; and we obtain the polygon 
2,17,19,20, which is a rectangle. 




Constract the polygon corresponding to the joint (16, 18, 
19, 21, 22). For this purpose draw 21 through the point 
(19, 20), and 22 through the point (IS, 16) ; we thus obtain 
a crossed pentagon. Continue to deal in the same manner 
with each of the points of appHcation of the forces 3,16,4, 
14,13,6,12,6,11,7,10, 9, taken in succession. 

Since the diagram a, which represents the skeleton of the 
structure and all the external forces, has for its axis of sym- 
metry the vertical which passes through the centre of the 
figure, the diagram b haa for its axis of symmetry the median 
horizontal line. For example, the triangle 9, 45, 44 is sym- 
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metrical to the triangle 1, 17, 18 ; the rectaogle 8, 45, 43, 42 
to the rectangle 2, 17, 19, 20: and so on. 

All the upper bars are in GompresBion, and all the lower 
ones are in tension. 

The diagonals and contra-diagonals are all in compreBsion ; 
finally two of the verticals 33, 39 are in tension, and all the 
rest in compression. 

44. Figure 9a* represents one half of a locomotive shed. 
The external forces are the weights 1,3,3,4,6 applied at 



-^ 
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s 



Fig. 9a. 

the upper joints of the frame, and the reactions 6 and 7 of the 
wall and column. Again, all the external forces are parallel, 
and consequently the polygon of forces reduces, in diagram 
b, to one straight line. The force 6 (taken in the opposite 
sense to that in which it really acts) is equal to a certain part 
of the weight 6 ; by adding the difference 
to the other weights we get the magni- 
tude of the force 7 . 

In the diagram b the direction of the 
lines 8 and 1 3 coincide ; the first is a 
part of the second. Here then we have 
for the polygon corresponding to the joint 
(8, 10, 12, 13) one of those degenerate 
forms about which we spoke in Art. 33 ; the 
polygon is in fact a quadrilateral 8, 10, 
12, 13, having three of its vertices (13, 8), 
(8, 10), (12, 13) in one straight line. ^'^- '''■ 

The polygon 5,17,18,6, corresponding to the point where 

* l^Ii example i> taken from PI. zii. of the atlM of Gt-apAttoA«Sfafijfe of CuLlUKN, 
Itt «ditioit. Ai prsvioutl; *tkted, the two diagiMDi ue not rigivouBlj radpronl. 
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the roof ie supported by the wall, presents an analogous 
degenerate form, since the vertices (6, 5), (upper point of the 
segment ( 6) , (5 , 1 7) , and ( 1 8 , 6} all lie in the same straight line. 

The lower bars 8, 18, 16 are in compression, as well as 
the diagonals 10,14,16, the column 7 and the wait 6; while 
the upper pieces B , 11 , IB , 17 and the diagonal 12 are in tension. 

46. Diagram a of Fig. lo represents a truss at the upper 
joints of which are applied the oblique forces 1,3 7 , which 





Fig, . 



Fig. lob. 



may be considered as the reBulbants of the dead-loads and 
wind pressure; the forces 8, 9 represent the reactions at 
the supports. 

The polygon of external forces is drawn in diagram i with 
double lines. 

We construct successively the triangle 1,10,11, the quad- 
rilateral 9,10,12,13, the pentagon 2,11,12,14,16, the 
quadrilateral 13, 14, 16, 17, the crossed pentagon 3, 15, 16, 
18, 19 ; the crossed quadrilateral 4, 19, 20, 21 , the pentagon 
17, 18, 20, 22, 23, and so on. 

The upper bars 16, 19, 21, 36 are in compression, as well as 
Hie lower bars 10, 13, 80, and the verticals 12, 16, 34, 28 ; 
whilst all the remaining bars of the structure are in tension. 

46. The diagram a of Fig. ii represents a suspension 
bridge, loaded at each of its upper joints with weights 1,2, 
...,8, and at each of its lower joints with weights 10,11,31, 
...,16; the weights are kept in equilibrium by the two 
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oblique reactions 9, 17 at the two extreme points of the 
atrueture*. 

The polygon of external forces haa its first eight sides in 
succession along the same vertical straight line, and its seven 




last sides situated in another vertical straight line. The 
oblique sides 9 and 17 intersect, so that the polygon is a 
crossed one. We construct successively the polygons 1,17, 
19, 18; 16, 19,20, 21 ; 2, 18, 20, 22, 23; 15 , 21 , 22, 24, 25 ; 
3, 23, 24, 26, 27; and so on; most of which are crossed. 

Diagram li shows that the upper bars are all in tension, 
and that the tension decreases from the ends towards the 
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Fig. lib. 

middle of the structure ; the bars of the lower boom are also 
all in tension, but in them the tension decreases from the 
middle towards the ends. 

The extreme diagonals and contra-diagonals are in tension ; 
in the portion situated to the left of the axis of symmetry, the 
diagonals or braces are alternately in tension and compression ; 
similarly they are on the right but in the reverse order. Con- 
sidering separately the ties and struts, we see that the internal 

le of those studied bj Maxwell in his memoir 
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forces decrease from the end8 towards the middle of the 
structure. 
In this example again the diagrams have axes of aymmetry. 




47. Diagram a of Fig. 12 represents a framed crane- 
post; the weight of the machine is distributed over the 
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different joints, and is represented by the sum of tbe forces 
1, 3, 3, ... , B ; the force 6 also includes the load the crane is 
required to lifb. 

All these forces are kept in equilibrium by the reactions at 
the supporta, the magnitudes of which are obtained by re- 
solving the resultant weight into three forces acting along the 
lines 10,11,12. These forces, taken in the contrary sense, 
furnish the pressures which are supported by the strut 10, 
and the column 11, and the tension in the tie 12. 

48, These external forces may be determined as follows ; 

We take on the same vertical line segmenta representing 
the mE^nitudes of the forces 1 , 2,3 ... 9 , and choose a pole 
arbitrarily ; join the pole to the points {0, 1), (1, 2), (2, 3), 
... (6, 9), (9, 0)*, and construct the corresponding funicular 
polygon. The vertical through the point where the extreme 
sides (0,l), (9,0) meet will be the line of action of the total 
weight of the crane and load, a weight repr^ented in magni- 
tude by a segment, which haa the same initial point as the 
8^:ment 1, and the same final point as the segment 9. If now 
we decompose the resultant weight, which is now known, 
into three components, whose lines of action are the straight 
lines 10 , 11 , 12, employing the construction of Art, 40 (Fig. 6), 
we obtain the three forces 10,U,I2. That is to say, these 
taken in the opposite sense and the given weights complete 
the system of external forces. 

In order to obtain the diagram b, we construct first the 
polygon of the external forces, taking these forces in tbe order 
in which we encounter them in going round the contour of the 
structure. Then construct in succession the polygons corre- 
sponding to the joints : (6, 13, 14), (4, 13, 16 , 16) , (e , 14, 16, 17, 
18), and so on in the manner just described. 

The diagram thus obtained enables us to see that the bars 
of tbe upper part axe in tension, and those of the lower 
part in compression ; while the diagonals are alternately in 
tension and compression. 

* Here (0, 1) repretenti tha initinl point ot the ug;metit 1, And (9, 0) the 
Rati pointof legment 9. In tbe Rgare the nji, &om tbe pole O and the lidee of 
the correeponding funioular polygon, u-e ihown h; dotted linei 
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A NEW XzraLZSH DICTIONABT on Hiatorioal Prln- 

olplaa, foandBd uu^uly od tha maUsiili edleeted by Uie PhUolDgJcal 
Society. Jmperul 4to. Farta I-IV, pric« i la. 6d. oach. 
Y»l. I (A and B), half morooco, il. lat. 6d. 
Vol. n (O »nd D). /n the Prett. 

Put IT, Section 3, O— CABS, begJDiuiig VoL II, price 5«. 
P»rt V, CABS— Oliivy, price ia». 6i. 
Edited by Jaus A. H. MnBUT, LL.D., aometiine FnHident of the 
Philologickl Sodety ; with the aadituice of nuny SchoUn and Men of 

Vol. m {B, I", aaxA O). Part I. Edited by Mr. Hdtbt Bbadlei. 



BOBWOrtlL and Toller. An Anglo-Saxon Dictionary, based 
on the MS. coUectioni of the late JoaiPH BoawoBTH, D.D. Edited uid 
enIknredbyProf.T.N.ToLLlB,M.A, Owens CoU^Ce.Maucheater. Parts 
I-ni A— SAE. 4tD. stiff oovera, !£(. each. Part IV. InthePreti. 

EftTle. A Book for the Beginner in Anglo-Saxon. By 
JoEir Eable, H.A. Tkiri Edition. Extra tcap. Svo. u. 6d. 

The Philology of the English Tongue. Fourth EdUitm. 

Extra fc^. 8to. ;(. 6d. 

Kayhew and Skeat. A Concise Dictionary of Middle English, 
from i.D. 1150 to 1580. By A. L. Mayhkw, MA., and W. W. SKBil, 
Litt. B. Crown Svo. half roan, ?». 6d. 

Bkeat. An Etymological Dictionary of the Eogligh Language, 
arranged on an Hirtorioal Basic. By W, W. Sebat, Idtt.D. Bacand 
EdiUon. 4to. il, 4/, 

A SnpplBment to the First Edition of the abore. 4to. it. 6d. 

— — A Concise Etymological Dictionary of the English 

Language. I'Mrd Ediiioit. Crown Sto. 5a. 6d. 
■■ Principles of English Etymology. First Series. The 

Native Element. Crown Svo. gt. 
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Sweet. An Ang-lo-Saxon Primer, with Grammar, Notes and 
Gloiwuy. By Bbnbt Swekt, M.A. and Ediiioit. Extra fcap. 8vo. ii. 6d. 

An Anglo-Saxon Beader. In Prose and Verse. With 

Grammatical Inttodaction, Notes, &nd Glogiuy. Sixth Edition, Sevind 
and Enlarged. Extra fcap. Sto. B(. 6d. 

A Second Anglo-Saxon Header. Extra fcap, 8vo. 4*. 6d. 

Old EngliBh Blading Primers : 

L Selected EomiUeB oi MltAo. Stiff ooTen, t#. 61^. 
II. Extracts tmni Alfred's Oiodom. Stiff coven, i*. 61I. 

First Middle English Primer, with Grammar and Glos- 
sary, Extra Fcap. 8to. it. 

Second Middle English Primer. Extracts from Chaucer, 

with Grammu and Gloaaary. Extra fcap. 8vo. ». 
History of English Sonnds from the Earliest Period. 

With full Word-Lista. 8to. t4#. 
A Handbook of Phonetics, including a Popular Exposition 

of the Principles of Spelling Eetbrm. Extra fbap. 8to. 4*. 6d. 

— Elementarbneh des Geaprochenen Englisch. Grammatik, 

Telte nnd Glosear. Smond Edition. Extra fcap. Svo., stiff covers, 38. 6(1. 
Tanoook. An Elementary English Grammar and Exercise 

Book. B J 0. W. Tasoock, M, A. Second EdOion. Extra fcap. 8vo. le.ed. 
An English Grammar and Beading Book, for Lower 

Forms in Classical Schools. Four f A Edition. Extra fcap. gva ii.6d. 



Saxon Chroniolefl. Two of the Saxon Chronicles parallel 
(787-1001 A.D.). A Eevtiad Text. Edited, with Introduction, Critical 
Notsi, and Glossary, by Chablis Fldmhbs, M.A., on the basis of an 
Edition by Joav Eablx, M.A. Crown Svo., stiff covers, 3«. 

Speoimena of Early English. A New and Revised Edition. 

With Introdnction, Notes, and Glossarial Index. 
Part I. From Old English Homilies to TTjng Hom (a.d. t 150 to a.d. 

1300}. By R. MoBBiB, LL.D. Ed. a. Extra fcap. Svo. 9*. 
Part II. !From Robert of GloQcester to Gower {a,d. 1198 to A.D. 1393). 
By R. MoEBia, LL.D., and W. W. Sxeat, Litt. D. Third Ediiion. 
Extra fcap. 8vo. 7». 6d. 

Specimens of English Iiitorature, from the 'Ploughmans 

Crede' to the ' Shepheardes Calender' (a JJ, 1 394 to A.D. I579). With 
Introdnotion, Not«a, and Glossarial Index. By W. W. Skeat, Litt.X>. 
FourtA Edition. Extra fcap. Svo. Ji. 6d. 
Typical Selections from the best English Writers, with 
Introductory Notices. In a vols. Extra fcap. 8vo. $». 6d. each. 
Vol. I. Latimer to Berkeley. Yol. H. Pope to Uacanlay. 

London : Hkhbt Fbowhe, Amen Comer, E.d 
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A SERIES OF ENGLISH CLASSICS. 

(CHBONOLOaiCALLT ARRAHaED.I 

Ormulnm, The, with the Not«a and Glossary of Dr. R. M. 

Wbitb. Edited bjr B. Hou, U.A. i toIi. Extra fcap. 8to. t{. it. 
CHAUCEB. 

I. The Prologne, the Knightes Tale, The Nonne FreeBtes 
TUe; fnxa the Canteibory Tklee. Edited by B. Mobsis, I>LJ>. A 
New Sdition, wil^ CoUktione knd Additional Note* by W. W. Skiat. 
litt.D. Extra foap. 8vo. ». 6d. 

II. The Prioresses Tale ; SirThopas; The Menkes Tale; 
The Clerkes Tale; The Sqniwei Tale, &o. Edited by W, W. Skbat, 
Utt-D. TluTd Sdilum. Extra fcap. Svo. 41. 6d. 

III. The Ta\e of the Man of Lawe ; The Pardoneres 
Tale; The Second Nonne* Tale ; The Chanomia Yemannea Tide. 
By W. W. Skbat, IJtt.D. Nevi Edition. Extra fcap. Svo. ^.6d. 

IV. Minor Poems. Edited by W. W. Skbat, Litt.D. 
Crown Sto. lot. 6d. 

V. The Legend of Good Women. By W. W. Skest, 
litt-D, Crown Sto. 6i. Jvtt FublUhed. 

Iianglsnd, W. The Vision of William concerning Piers the 
Plowman, tu three Parallel Text*; together with lUcbard the BedeleH. 

a" WltLLUl Lanoland (aboat 1361-1399 a.d.). Edited from Domeroua 
nnacriptB, with Pretaoe, Notes, and a Glossary, bj W, W. SkbaT, 
litt.D. 1 roll. Sto. il.tu.Cd, 
— — The Vision of William concerning Piers the Plowman, by 
WcLiAK Lanolabd. Edited, with Notes, hj W. W. Seiat, LittJ>. 
FatH^ Hditwn. Extra icap. 810. ^^. 6d. 
Oamelyn, the Tale of. Edited, with Notes, QloesaTy, &c,, by 

W. W Skbat, Utt.D. Extra foap. Sro. Stiff ooven, u. 6d. 
WTCLIiTB. 

I. The Books of Job, Psalms, Proverbs, Ecclesiastee, and 
the Song of Salomon ; according to the Wycliffite Venion made by 
NicEous SB HsBBTOBB, about A.D. 1381, and Beviged by Jobk 
Pdbvbt, abont a.d. 1388. With Iii6rodiioti(in and Glosiary by 
W. W. SsEAT, IJtt.D. Extra fcap. 8to. 5: 6d. 

II. The New Testament in English, according to the 
Vernon by JoBH Wioliffk, about a.d. 1380, and Reviaed by John 
PuHTBT, aboat A.D. 1388. With Introdaotion and Glouai; by 
W. W. Skeat, litt.D. Extra fcap. Svo. 6<. 

Minot (Lanrence). Poems. Edited, with Introdoction and 
Notei, by Jobefh Hall, M.A., Head Master of the Hnlme Grammar 
School, Manchester. Extra foap. 8to. 4*. 6d. 

Oxtord : duandon Titm. 
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Spenser's Faeiy Qaeene. Books I and 11. Designed cbieflj 
for the oae of Sobooll. With Inbodaotion ftnd Notea bj Q. W. EJTCHW, 
D.D., And Gloaiuj bj A. L. Hatbiw, MA, Extra foap. Sto. ». IM. each. 

HM^er. Ecclesiastical Polity, Book I. Edited by B, W. 
Cbdbcb, ma. Beamd Edition. Extra foap. Sto. m. [See iJio p. 43.] 

OLD ENOIJSH DBAUA. 

I. York Plays. — ^The Plays performed by the Crafts or 
Mjlteries of Ttrk, on tie daj of Corpai Chriatl, in the I4ih, 15th, 
and l6th oentnriei; now flnt printed from the unique mantwcript 
in the VOmicv of Lord Aebbnn^iun. Edited, mtb Introdnotion and 
Gloaaar^, by LDOiTonuoN Sktfh. 8vo. 1^ t«. 

II. The Pilgrimage to Pamaseus, with the Two Parts of 
the Betuni from Pamanns. Tbree Comedies performed in St-. John'* 
College, Cambridge, aj>. ■dx<ivii-](doi. Edited from MSS. by 
W. D. Macbat, ma., F.SA. Medimn gvo. Bevelled Boanle, Gilt 
top, St. 6d. 

III. Marlowe's Edward II. With Introduction, Notes, &c. 
By O. W.Tahoooe, M A. Extra fcap. Svo. Paperooren, i*.; oloth, 3/. 

IV. Marlowe and Greene. Marlowe's Tragical History 
of Dr. Fauitni, and Greene'i Honourable History of Vriar Saoon and 
TriaiSmtgay, Edited b; A. W. Ward, Litt.D. Nmt mtd mlargtd 
Edition. Extra foap. 8to. 6t. id. 

8HAKESFEABE. Select Playa. Extra foap. Std. itjffooven. 

Edited by W. G. OnAaK, M. A., and W. Alms Weight, D.CL. 
The Merchant of Venice, is. Macbeth. i«. 6i. 

Eichard the Second, is. 6(2. Hamlet. 2s, 

Edited by W. Aldis Wmght, D.CL. 
The Tempest, is. 6(2. Midsnnuuer Night's Dream, la.bd. 

As Yon Like It. i».6d. Coriolanns. 28.6(2. 
Julius Cseear. n. Henry the Fifth, as. 

Richard the Third. 2S.6<;. Twelfth Night, is. 6(2. 
King Lear. is. 6i2. King John. is. fid. 

Shakeapeare as a Dramatic Artist ; a popular IHustration 
of the Priiunplee of Soienti&s Ciitioinn. By B. G. Moulion, HA. 
Steond Edition, Enlargad. Crown 8to. 6*. 

Boooa. 

I. Advancement of Learning. Edited by W. Aldis 

Waiaar, D.CL. TMri EdiHmt. Extra tctp. Sro. 4*. 6d. 

II. The EsBays. With Introduction and Notes. By 
8. H. BiTHOLDfl, M.A. Jfi preparation. 
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ULTOzr. 

I. AreopagHtica. With Introduction and Notes. By 
John W. Halkb, M,A. Third SdiUo*. Eitra fosp. 8»o. %». 

II. Poems. Edited by R. C. Browne, M^ In two 
Volomea. Mflk Siition. Extra fcap. Svo. 6(. 6<I. 

Sold Bsparatol?, Vol. I. 41.; Yol.II. 31. 
i« paper cowrg .- 
Lyddx, 3c(. L'Allegro, 3^. n Penieroao, 4/I. CkimuB, 61^. 

III. Paradise Lost, Book I. £dit«d by H. C. B££chtnGj 

BkA. Extra fop. Svo. stiff coven, 1 1. %d,. ; in Puduneut, 31. 6i. 

IV. Samson Agonietes. Edited, vritb Introduction and 
Notei, b; J. Gbdbtoh CoLUHa, U.A. Extra fop. 8to. atiff corers, i>. 

Buoytui. 

I. The Pilgrim's Progress, Grace Abounding, BelatioQ 
of the ImpriBonment of Mr, JoBN BnnTiii, Edited, with B!o- 
gnphical ^trodoctioo Hid Notes, b; K Vinaslis, M.A. Extra 
101^. Svo. s»- In Parchment, S«. 

II. Holy War, &c. /■ tu Pr«w. 
Clarendon. 

I. History of the Eebellion. Book VI. Edited by T. 
Abkold, M.A. Extra fcap. Svo. if. 6d. 

II. Characters and Episodes of the Great Rebellion. 
Scledaoiui from Claiendon. Edit«d W G. Borbx, JAJi.., Dean of 
Salisbury. Crown Svo., ^t top, 7*. 6d. [See alio p. 44.] 

Dr7den. Select Poems. (Stanzas on the Death of Oliver 
Cromwell ; Aitnea Redux ; Annus Miratulia ; Absalom and Acliitophel ; 
Religio Lt^oi ; The Hind and the PaDthor.) Edited by W, D. CHBiaiia, 
M.A. Stcand Edition. Extra fcap. 9to. 3*. 6d. 

An Essay of Dramatic Poesy. Edited, with Notes, by 

Thouas Abitold, M.A. Extra foap. Svo. 3*. 6d. 

Locke. Conduct of the Understanding. Edited, with Intro- 
duction, Notes, &a., by T. FowLiB, D.D. Second Editiim. Extra fcap. 
Sto. 31. 

Addison. Selections from Papers in the Spectator, With 
Notes. ByT. Abnolb, M.A. Extra fcap. Sto. 41.612. In Paiohment, 6*. 

Steele. Selections from the Tatler, Spectator, and Gkiardian. 
Edited by AuaiiH Dobson. Extra fcap. Sto. 5*. In Parahment, 7s. fid. 

Fope. Select Works. With Introduction and Notes. By 

MABK pATTiaOH, RD. 

I. Essay on Man. Extra fcap. Svo. is. 6d. 
n. Satires asd EpistleB, Extra fcap. Svo. 3a. 
Famell. The Hermit. Paper covers, id. 

Oxford: Claiendoo Fnn. 
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Oray. Selected Poems. Edited by Edmund Gossb, M.A. 

Eztn fokp. Bvo. In Parohmsnt, 3a. 
■' The tame, together with Supplementary Notes for 

Sohooli bj F08TKR Wathok, M.A. Stiff comrt, i«. fid, 
— — Elegy, and Ode on Eton Collego. Paper covers, id. 
OoldBmith. 

I. Selected Poems. Edited with Introduction and Notes, by 

Adbtir Dobsoh. Extra fcap. 8to. jf, 6d. In Farcliinaiit, 4*. M. 
H. The Traveller. Edited by G. Birkbbck Hill, D.C.L. 

Stiff ooren, n. 
m. The Deserted Yilkge. Paper covers, 2d. 
JOHNSOir. 

I. Kasselaa. Edited, with Introduction and Notes, by 
G. BnEBBOE Hex, D.CL. EitrftfcKp. Svo. Bevelled boards, 3>. 6^. 
In Farclmient, 4*. M. 

II. Basselas; Lives of Dryden and Pope. Edited by 
Alfred Hruisa, M.A. (London). Extra fbap. Svo. 4*. 6d., or Livea 
of Dbtdbn and Pops only, stiff cDvere, it. 6d. 

III. Life of Milton. By C. H. Fuith, M.A. Extra 
fcap. 8vo. cloth, ai. 6d. Stiff oovere, i(. 6d. 

rV. Wit and Wisdom of Samuel Johnson. Edited by 

6. BntEBBCK Hill, D.C.L. Crown 8vo. 71. 6<t. 
V. Vanity of Human Wishes. With Notes, by E. J. 
PiiSB, M.A. P»per ooven, 4^. 
BOSWSLI.. 

BoBwell's Life of Johnson. With the Journal of a 
Tour to tbs Eebridea. Edited bj G. Birkbeck Hill, D.C.L., Pem- 
broke Collate. 6 vcja. Medinm Sto. Half bound, 3I. 31. 
Gowper. Edited, with Life, Introdactions, and Notes, by 
E. T. Gbiffiih, B.A. 

I. The Didactic Poems of 1782, with Selections from 
tiie Minor Piecei, a.d. 1779-1783. Extra Citap. Svo. 3*. 

II. The Task, with Tirocinium, and Selections from the 
Minor Poemi, A.D. 17S4-1799. Second Editioa. Extra fcap. Svo. Jf. 

Burke. Select Works. Edited, with Introduction and 
Notai, b; E. J. Patsb, U.A. 

I. Thoughts on the Present Discontents; the two 
SpeBchea on America. Seccmd EdilUm. Extra fbap. Sto. /{I. 6d. 

II. Reflections on the French Revolution. Second 
EUtioH. Extra fcap. Sto. 5*. 

III. Four Letters on the Proposals for Peace with the 
Beipeide Directory of France. B»cond Edition. Extra fcap. 8to. jt. 

London: Hkhbt Fhowpe. Ameo Comra, E.O. 
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Selected Poems. Edited, with Introduction, Notes, 

and k Qlcauiry, bj J, Loan Bobibtsoh, M.A. Crown 8to. 6>. 
Keats. Hyperion, Book I. With Notes by W. T. Abhold, 

BJL Paper ooveri, ^d. 
Byron. Childe Harold. "With Introdnction and Notes, by 

H. F. Tons, M.A. Eita« tixp. 8to. 31. 6d. In Pan^unent, 5*. 
Soott. Lay of the Last Minstrel. Edited by W. Mraro, M.A. 

With Map. Extra fbap. Sro. 1: ParohioeDt, l>, 6d. 
Lay of the Last Minstrel. Introduction and Canto I, 

with Preboe and Kotw, b; tha lame Sditor. 6d. 
Marmion. Edited, with Introdnction and Notes, by 

T. Bathi. Extra foap. 8to. 31. 6d. 
Campbell. Grertrude of Wyoming. Edited, with Introduction 

and Notea, bj H. Mao&OLat FitzGiBBOR, M.A. Eztrafcap. Svo. at. 
Sbairp. Aspects of Poetry; being Lectures delivered at 

Oxford, by J. C. Shaibp, Ii.D. Crown 8to, io». 6d. 
FalgFave. The TreaBury of Sacred Song. With Notes Ex- 
planatory and Biogiapliical. By. T. T. PALaSAVi, M.A. Half veUnm, 

gilt top, iM. 6d. 



SECTION m. 

EUROPEAN LANGUAGES. MEDIAEVAL AND 
MODERN. 

(1) FBEITCH AND ITALIAN. 

Braoltet'e Etytaological Dictionary of the French Language. 
Truulated by O. W. KiTOHlir, D.D. TUrd Bditum. Crown 8va Jt. 6d. 

Historical Grrammar of the French Language. Trans- 
lated by O. W. Kitohik, D.D. FouHh Edition. Extra fcap. Sto. 3V. 6i2. 

Saintsbory. Primer of French Literature, By Gboeok 
Saibtsbubt, M.A. Ectra fcap. Svo. at. 

Short History of French Literature. Crown 8vo. io», 6d. 

Specimens of French Literature, from Villon to Hugo. 

Crown Std. gi. 

Beaumarohais' Le Barbier de Seville, Edited, with Intro- 
dnction and Notes, by Austin Dobson'. Extra foap. Sto. ]«. 6d. 
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Conidille'B Horace. Edited, with Introduction and Notes, 
liy GiOROi BAiHTaBDST, M.A. Extn fotp. 8vo. i*. dd. 

MoIldre'B Lee Pr^ienseB Ridicules. £dited, with Introdaction 
ftnd Notei, b7 Abdbiw Lura, K.A. Extra foap. 8to. it. 6i. 

Knsaet'e On ne badine pas avec I'Amotir, andFantaeio, Edited, 

with Pmlegiomena, Notes, eto., by W. H. Pollock. Extra foap. 8to. it. 
Booine'a Esther, Edited, with Introdactioa and Notes, by 

Gbobob SAUrraBDBT, M.A. Extra foap. Sto. it. 
Voltaire's M^rope. Edited, with Introduction and Notes, 

by GioBaE Saihtsbdbt, M.A. Bitn fcap. Sto. » . 

*t* T%« ahovt rix Plagi mag be had i» omantMiUil oom, and boamd 
i» Imilatio» ParehnttrU, price ii*. 64. 

MASSON'3 FRENCH CLASSICS. 
Edited hy Oiutaee JfoMon, B.A. 
OometUe'B Cinna. With Notes, Glossary, etc. Extra fcap. 
Sto. a*. Btiffoovan, i«. 6d. 

Louis ZIT&ndhiB Contemporariea ; as described in Extracts 

trom tlte bett Memoin of the Sersnteentli Centacr. Witli Englilh Note*, 
0«iieali^(ial Table*, ftc. Extra fnp. Sto. ». 6d. 

Uaistre, Xarier de, &c. Voyage autour de ma Chambre, 
^ Xatur db Maibtkb. Onri^, by Madaui dc Dubas ; Le Ylenx 
TaHleiir, by MU. Ebcuuvit-Chatbian ; La Veillfc da Vinoeimei, by 
Alfhid dh Vioht; Lu Jameaai de THfitel CimeUle, b; BcuonD 
About; M^Tentnres d'nn ^lier, by Kodolfhb TBptrb. Third 
EdUioit, Serifd. Extra faap. Sto. it. 6d. 

Voyage antoor de ma Chambre. Limp, it, 6d. 

Kolidre'a Les Fourberies de Scapin, and Baoine's Athalie. 

With Tolt^N'i Lifa of MoUbre. Extra (cap. 8to. it. 6d. 
Les Poarberies de Scapin. With Voltaire's Life of 

Molibre. Extra fbap. Sto. itiff ootsts, it. 6d. 
Les Femmes Savantes. With Notes, Glossary, etc. 

Extra temp. Sto. oloth, it. Stiff ooTan, i*. 6d. 
Baoine's Andromaque, and OomeiUe's lie Uenteor. With 

LouiB Baoim'b Life of hi* Father. Extra fcap. Sto. it. 6d. 
Bflgnaid's Le Joneur, and Braeys and Falaprat'a Le Gron- 

denr. Extra feap. Sto. it. 6d. 
86viga6, Madame dc, and her ohief Contemporariee, Selections 

trom tbrii Correapondenoe. Intended mere eipeually for Girls' Sohoola. 

Exte latp. Sto. 3*. 

London: HmniT Fbowpe, Anwn Conm, &.O. 
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BloaSt. L'^loquence de la Cbaire et de la Tribune Frao^Bes. 

Editeilb7PAnLBLODliT,BA.Vol.I.BaoredOntor7.EitTBfc^.8To.i#.6fI. 

Ghintier, Th^phile. Scenes of Travel. Selected and Edited 

by Gto&aB Sadtibbobt, U^. Eztn Uip. Stix »i. 
Femralt'a Popular Tales. Edited from the Original Editions, 

with Intiodnclion, etc, by Ahdkcw Lams, M.A. Extra fcap. Sto., 
paper boardB, 5«. 6d. 

Quinet'B Lettree a sa MSre. Selected and Edited bj Gbobgb 

Saihtsbuht. M.A. Eztn fosp. Svo. m. 
Sainte-Beave. S^ections from the Causeries da Lnndi. 

Edited by GaoBOB Saihtbbubt, M.A. Extra fbap, Svo. i>. 
Dante. Selections from the Inferno. With Introdnction 

and Notes. By E. B. CortiHiLi,, B. A. Bitn fcap. Svo. ^t. 6d. 

Taaso. La GteruBalemme Liberata. Cantos i, ii. With In- 
troduction and Notes. By the same Editor. Extra foap. Svo. it. M. 

(2) aSBUAJT AlTD OOTHIC. 

Max Miiller. The German Classics, from the Fonrth to the 

Nineteenth Century. With Biographical Noticea, TransIatianB into 
Modem Oerman, and Notei. Bv F. Max Mullbb, M.A. A New 
Edition, Reviled, Enlarged, and Adapted to WiLHSlM Scbebbb'b 
' History of German Literature,' by F. IJcHTENaTSiN. i vols. Crown 
Svo. 11*. 

Soherer. A History of German Literature by Wilhblu 
SoHBBBB. IVanalated from the Third German Edition by Mn. F. 
C. CoNTBKABa. Edited by F. Mai Mdllbb. a vols. Sva lit. 

Skeat. The Gospel of St. Mark in Gothic. By W. W. 

SttKAT, Litt. D. Extra fcap. Svo, cloth. ^. 

Wright. An Old High German Primer. With Grammar, 

Notes, and Glossary. By JOSBPH Wbiqht, Ph.D. Extra foap. Svo. 3». 6d, 

A Middle High German Primer. With Grammar, 

Notes, and Glossary. By JosttPH WaiOHT, Ph.D. Extra foap. Svo. 38. M. 

LANGE'S GERMAN COURSE. 



I. Gtormaiu at Home ; a Practical Introdnction to German 

Conversation, with an Appendix containing the Eaeentialg of Gennall 
Grammar. Third Edition. Svo. i>. 6d. 

II. Q«rman Manual ; a German Grammar, Beading Book, 
and a Handbook of German Conversation. Svo. 7<. 6d. 

Oitord: danmdoD Pnai. 
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in. Orammar of the Oermon Lansnage. 8to. 3<. 6d, 

TV. Qerman Composition ; A Theoretical and Practical Cruide 
to the Art of Truuladng Eztglish Pioae into Qomun. Bacond Edition. 
8to. 4<, 6d. 

Gtorman Spelling ; A Sjoopsis of the Change which it 

haa nndergome throngh the Govenuneiit Begfnlatioiu of i S8o. 6d. 

BUGHHEIM'S OBRMAN CLASSICS. 
Sdittd, tciih Biographical, Hiitoricai, and Critical Introdvciiom, Argvmantt 
{to the Ihamai), and CompUCe GoriHneniarie*, hg C. A. Boohhkih, Phil, 
Doc, Frofenor Jn King't College, London. 

Becker (the HiBtorian). Frieilrich der Grosae. Edited, with 

Notes, an Eiitoricnl IntroductioD, and a Map. 31. 6d, 
Qoetbe: 

(a) Egmont. A Tragedy. 3*. 

{b) Iphigenie aaf Tauria. A Drama. 3«. 
Heine : 

(o) Prosa: being SelectioDS from his Prose Writings. 4s. 6d. 

(6) Harzreise. Cloth, zs, 6d. ; paper covers, i«. 6d. 
Leasing: 

(a) N'athan der Weise. A Dramatic Poem. 41. 6d, 

(6) Hinna von Bamhelm. A Comedy. 3s. 6d. 
SoltilleF ; 

(a) WilhelraTell. A Drama. Large Edition. With Map. 3«. 6rf. 

(6) Wilhelm Tell. School Edition. With Map. 2g. 

(c) Eistorieche Skizzen. With Map. as. 6d. 

Uodem German Header. A Graduated Collection of Ex- 
tract! &om Modem German Authon : — 

Part I. Proae EitrMts. With .Engliah Notee, a Griuwnatioal 

Ap])endiz, and a complete Tocabularj. Fourth Edition, it. 6d. 
Part II. Bztraots In Ftom and Poetry. With En^Uh Notee 
and an Indei. Second Edition, it. 6d. 

German Poetry for Beginners. Edited with English Notes 
and a complete Vocabulary, bj Emua S. Buobheiv. Extra fbap. 8vo. ]«. 

Chamisso. Peter Schlemihl's Wundersame Greschichte. 
Edited with Notee and a oomplete VocabiilHy. bf Ehua S. BucaHKUi. 
Eitra fcap. Sto. it. Jnet PiibUehed. 

Loudon : BnntT Fsovni. Admo Oonwr, B.C. 
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Tionirinc The Laoboon, with Introdnction, English Notes, 

«tc. Bj A. Hamibit, Phil. Doc., H.A. Bxtn fc»p. gro. ^. 6d. 

ITiebahr: GriechiBche Heroen-Geachichten (Tales of Greek 

Hero«a). With Engliib NoVw uid VoubnlaTj, by Enu B. Suobbbim. 
SMond, Berued Edition. Extra fckp. 8to. doth, »., stiff ooTen, ». 6d. 

Edition A. Texf in Otrwm Type. 

Edition B. Tact in Soman Type. 
8ohiller>i Wilhelm Tell. Translated into English Verse by 
B. IfuBix, UJL Eitm fbsp. Svo. 5«. 

(8) SCAITDIITAVIAir. 

Oleaabr and Vigfdsson. An Icelandic-English Dictionary, 

bued on th« MS. aollootions of the late Kichabd Cleabbt. Enlarged 
and completed bj O. TiariissoN, M.A. With aiL Introdnction, uid Life 
of Richard Cleuby, b; G. Webbe Dahent, D.C.L. 4ta. 3I. 71. 

Sweet. IceUndic Primer, with Grammar, Notes, and 

GloHar;. By Hinbt Swebt, U.A. Extra fcap. Svo. 31. td. 
Vigfdsson. Sturlunga Saga, including the Islendinga Saga 

of Lawman Stchla Thobdhbom and other works. Edited bj Dr. 

Gddbbabd Yiofussoh. In 1 toIb. Svo. il. it. 
VigfdsBDn and Powell. Icelandic Prose Ileader, with Notes, 

CinmniBr, and QloBaarj. By G. Yiarvaaon, M.A., and F. Yokk 

PowBLL, M^ Extra fcap. Svo. lat. 6d. 
—— Corpvs Poeticvm Boreale. The Poetry of the Old 

Northern Tongne, from the Earlieat 'Hmei to the Thirteenth Centoiy. 
Edited, clauified, and tranilated, with Introdnction, Eiaima>, and Notea, 
b7 Gddbuahd Viofushon, M.A., and F. YoBK FowzLL, M,A. 2 toIe. 

The IiandD£ma-B6k. Edited and translated by the 

nme. In tht Pi-mi. 



SECTION IT. 

CLASSICAL LANGUAGES. 

(1) X>ATIH. 

STANDARD WORKS AND EDITIONS. 

SUifl. HarleianMS. 2610; Ovid's Metamorphoses I, II, III, 

I-€3i; XXIY Latin EpicramB from Bodleian or other MSS.; I^tjn 
Gloaie* Ob Apollinaiis Si^ming from MS. Digbj 171. Collated and 
Edited bj Bobihbof Ellib, M. A, LL.D. (Ane^ota Ozon.) 41. 
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King and Oookson. The Frinciplee of Sonnd and Inflexion, 

as illoatnted in the Greek and Idtio LuigaagH. By J. E. Kino, M.A.., 

knd Chbibtofheb Cooeboh, M.A. Svo. iS(. 
Iiewis and Short. A Latin Dictionary, founded on Andrews' 

edition of Fietmd'a L«tiD Dictionaiy, revlBed, enlaced, uid in great 

part rewritten by Csabltoh T. Lbwis, Ph.D., and Cbibub Bhobt, 

LL.D. 4to. 12. 5*. 
NettleBhip. Contribntions to Latin Lezdcography. By 

HsNBT Kbttleshs, UA, Sto. au. 
Lectnres and Essays on Subjects connected with 

Latin Seholanhip and Literature. By Hehri NnrLRSHiF, MA. 

Crown Svo. 7». 6d. 
• I ' The Koman Satura. Sto. tewed, i*. 
■ Ancient Lives of Yer^. Sro. rawed, u. 
Fapillon. Manual of Compatative Philology. By T. L, 

PAPiLLOir, UA. Third Edition. Crown 8yo. 6i. 
Finder. Selections from the less known Latin Poets. By 

NoBTB FiMDiB, UA. S-ra. i5t. 
SeUar. Ronian Poets of the Augustan Age. Vieoil. By 

W. Y. SnxAB, M.A. Ifew Editiom. Crown Svo. 91. 
Roman Poets of the Republic. TAird Edition. Crown 

8»0. IM. 

Wordsworth. Fragments and Specimens of Early Latin. 
With IntrodaotionB and Nutee. By J. Woumwobth, D.D. Svo. lit. 



ATianna. The Fables. Edited, with Prolegomena, Critical 
Apparatni, Commentary, eta., by Boboibok Ellis, U~A., LL.D. Svo. 
i*.6d. 

OBtnlli VeronensiB Liber, Iterum recoguovit, apparatum 
critienmprol^omenBKppendioeaaddidit.BoBiHSCiiiELLiB, A.M. Svo. i6«. 

Oatnllos, a Commentary on. By RoBiNBON Ellis, MjV. 

8*etmd Bditirm. Hvo. iSa. 

Cioero. De Oratore. With Introduction and Notes. By A. 

S. WiLKiirs, LittD. 
Book I. Swoad SdiliiM. Svo. 7*. bd. Book n. Svo. 5«. 
Philippic Orations. With Notes. By J. R. Kma, M.A. 

jSccihhI Ediiion. Svo. icw. 6d. 
Select Letters. With English Introductions, Notes, and 

AppendicM. By Albibt Watsoit, MA. Third Edilitm. Sto. iSi. 
Hontoe. With a Commentary. Vol. I. The Odes, Carmen 

Seaiilaie,andEpodee. ByE.C.WicisAi(,M.A. Steond Edition. Sto.im. 

Loadoii : Hihbt Paowiw, Amea Comar, B.C. 
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Idvy, Book I. With IntrodnctioD, Historical ExaminfttioD, 

Ukd Not«a. B7 J. fi. SULIT, H.A. Stcond SdiHon. Sto. 6*. 
Nonlua Usroellns, de Compendiosa Doctrina (Harleian MS. 

1719). Collated by J. H.Oniomb.U.A. (AneodoU Oion.) 3*. 61I. 
Ovid. p. Ovidii Nasonis Ibis. Ex Nuvia Codicibus edidit, 

Soholla Teten CommenUriiua ann PnJegomeiiiB AppendlM Indioe 

kddidit, B. Elus, A.M. Sto. lot. 6d. 
P. Ovidi Nasonis Tristium Libri V. Recensuit S. G. 

Owen, A.M. Sto. 161. 
Fendus. The Satires. With a Tmnsliatioii aod Commen- 

tarj. By Johk Cohibotob, U.A. Edited by Ebhbt Nkttlisbip, 

M.A. Second Edifion. Sto. Ji. 6d. 
Flaatua. Bentley's Flautine Emendations. From his copy 

of Gionoviai. By £. A. Sohnihschsin, M.A. (AneodotB Oion.) tt.6d. 
Sariptores Latini rei Metricae. Edidit T. GAifiFOSD, S.T.P. 

8to. 5». 
Tsoitofl. The Annals. Books I-VI. Edited, with Intro- 

dnoUon and Notea, by H. Fdbmbaux, M.A. Sto. iS*. 

ZATIN EDUCATIONAL WORKS. 
Gbammars, Exehcise Books, &o. 

Budimenta Latina. Comprising Accidence, and Ezeroisee 

of ft very Elementury Ch»r»eter, for the u»B of BegiimBrB. By JOHs 

Babbow Allen, M.A. Extra fcap. 8to. ii. 
An Elementary Latin Grammar. By the same Author, 

Fifty-Beve»th Thaiaand. Extra fcsp. 8vo. i: 6d. 
A First Latin Exercise Book. By the same Author. 

Tmaih Edition. Extra fbkp. Sto. ai. 6d. 
A Second Latin Exerciee Book. By the same Aathor. 

Extra fcap. Sto. 31. id. 
*,* AKeytoFint and Second Latin EieroiieBooki, in one Tolnme, 
price l». Supplied to Teachert onlj/ on application to the Secretary 
of the Clarendon PreH. 

An Introduction to Latin Syntax. By W. S. GiBSOK, M.A. 

Extra fcap. Sto. 2t, 

First Latin Reader. By T. J. Nouns, M.A. Third EdiHm. 

Extra fcap. Sto. ii. 
A Latin Prose Primer. By J. Y, Sarokkt, M.A. Extra 

foap. Sto. m. 6d. 

Oxford : CluwidaD PiM. 
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Passagee for Translation into Lattn. For the use of Pasemen 

and others. Seleoted by J. Y. Sabqint, M.l. Smitnlh Edilio». 
Eitra foKp. Svo. li. 6d. 

T,* A Key to the above, price 6». Supplied to TeacherM onlg on »ppli- 
D&tion to the Seuretsry of the Clurendon Presa. 

Exercises in Latin Prose Composition ; with IntroductioD, 
Notes, and FaaeageB of Or&du&ted Difficulty for TnuulatioD into Latin. 
By G. G. Rahbat, U.A., LL.D. Becoiid Edition. Extra fcap. 8vo, 41. 61^. 

Hints and Helps for Latin Elegiacs. By H. Lee-Waeneb, 
U.A. Extra fcap. Sto. 3*. 6d. 

*.* A Key to the above, price 41. 6d. Supplied to Teaehtrt only on 
applicalion to the Secretary of the Clarendon I^^ae. 

BieddeDda Minora, or Easy Passages, Latin and Greek, for 
Uiueen Translation. For the uis of Lower Formi. Composed and 
selected by C. 8. Jebbah, M.A. Eitra foap. 3vo. i(. 6d. 

Anglice Iteddenda, or Extracts, Latin and Greek, for 
TJiueen Translation. By C. S. Jebbak, M.A. T&ird Bdilion, Stvitad 
and Enlarged, Extra fcap. Svo. it, 6d. 

Anglice Heddenda. Second Seriet. By the same Author. 

Extra fcap. Svo. 3>. 

A School Latin Dictionary. By Chabltoh T. Lewis, Ph.D. 
Small 4io. iS*. 

Latik Clasbios fob Schools. 

Caesar. The CommentarieB (for Schools). With Notes and 
Haps. By CHAHiiia E. Mobbrlt, H.A. 

The Oallic War. Second Edition. Extra fcap. Svo. 40. 6d. 

Books I and II, Extra fcap. Svo. 21. 

Books III, IV, V. Extra fcap. Svo. aa. 6d. 

Books VI, Vn, VIII. Extra fcap. Svo. ImmediaUly. 

The Civil War. Extra fcap. 8vo. 3*. f>d. 

Book I. Extra fcap. Svo. 2«. 

Oatnlli VeronenalB Carmina Selecta, secandnm recogniUoDcm 

BoBiNHON Tfi.i. TH, A.M. Extra (bap. 8vo. 3*, 6d. 

CIOEBO. Selection of Interesting and DescriptiTe Passages. 
With Note«. £v Ebnbt Walfobd, M.A. In three Parts. Tkird 
EdiHan, Extra leap. 8vo. 41. 6d, 

Each Part separately, limp, it. 6d. 
Part I. Anecdotes from Grecian and Roman History. 
Part IL Omens and Dreams : Beauties of Nature. 
Part III. Rome's Rule of her Provinces. 

London: HvntT Fhowdi, Anwn Cmw, KOL 
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OIOBBO. De Senectnte. Edited, with latrodnction and 

NotM, by L. Hdxlbt, H.A. Eitn fcap. 8td. m. 
pro Clnentio. With Introdnction and Notes. By W, 

Rahbat, H.A. Editad by G. a. Eambai, U.A. 8»to»A SAOUm. 

Eztn fokp. Sva 3*. fid. 

Select Orations (for Schools). In Verrem Actio Prima. 

De ImpMio On. PoffipMl. Pro Arahi» Pbilipfnoa IX. Witb Intoodno- 
tioD snd NotM by J. R. Kino, M.A. BtantA Edition. Bxtr» fokp. Svo. 

In Q. Caeoilinm Divinatio, and In C. Yerrem Actio 

Prima. WlUi IntrodootioD MAd NotM, hj J. H. KiN«, H.A. Bxtr* 

(bap. Sto. lin^i, i«. (d. 
Speeches t^inst Catilioa. With Introdnction and 

Note*, bf K A. Urcorr, M.A. Eztn tixp. Sto. 1*. 6d. 
Selected Lett«rB (for Schools). With Notes. By the 

Ute C. E. Fhiohabd, H.A., md E. B. BaitHABD, H.A. Seeoitd BdtUon. 

ExtTft tup. Sro. 31. 
Select Letters. Text. By Ai:beet Watson, M.A, 

S»eond Bdittoit. Extra foap. Sto. 44. 
Oomelioa Nepoa. With Notes. By Oscar Brotninq, MA. 

Third Editioit. Bevlted by W. R. Ifoi, M.A. Bitra (o»p. Sto, 31. 
Horaoe. With a Commentary. (In a size suitable for the 

OM of SohooU.) Vol. L The Odaa, Cumeo Secnl&N, and Epodos. By 

E. C WioKHAM, HA. Second Edition. Extra fbap. Sto. 6*. 
Selected Odes. With Notes for the use of a Fifth 

Vatm. By E. C. Wioehav, H.A. Extra fcap. Svo. it. 
Javenal. Thirteen Satires, Edited, with Introduction and 

Nolw, bj C. H. PsAKBOH, M.A., and Hkbbib* A. St&Oho, H.A., IiL.b. 

Crown Sro. 61. 

Alio separately ■,^- 
Part I. Intiodnstion, Text, etc, 3/ Part II. Notea, 31. 6d. 

LiTy. Books V-VII. With Introduction and Notes. By 

A. B. Clitbb, B.A. Second Edition. RaTiwd by P. E. Hathbsov, 

M.A. Extra foap. Sto. $: 

Book y. By the same Editors. Extra fbap. Sto. tt. 6d. 

Boobs XXI-XXIII. With Introduction and Notes. 

By M. T. Tatbak, H.A. Beeond Sdilion, enlarged. Extra foap. Sto. 5t. 

Book XXI. By the same Editor. Ext™ (b«4>. Sto. m. 6d. 

BookXXII. With Introduction, Notes, and Maps. By 

the Hme Editor. Extra te»p. Sto. m. 6d. 
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Iiivy. SelectioBs (for Schools). With Notes and Maps. Bf 

E. Lib-Wabhxr, U.A. Extra &*p. Svo. In Fh^, limp, e»oli i*. f>d. 
Fart I. The Caudim DUaeter. 
Port II. Hannibal'H Campaign in Italy. 
Part III. The Macedonian "War. 
Ovid. Selections for the use of Schools. With Introduo- 

tioni kud Not«a, and an Appendix on the Bonuut Calendnr. By W. 

Bamsat, M.A. Edited b; G. G. R&usat, M.A. Third EdiUo*. 

Bitn fiMp. Sto. £(. 6d. 
Tristia. Book I. The Text revised, with an Intro- 

daotioii and Notee. B7 8. O. Owes, B.A. Extra fcap. Sto. ji. fi^. 
' Tristia. Book III. With Introdaction and Notes. 

By the aame Editor. Extia fcip. Stq. u. 
Plaotufl. Captivi. Edited by Wallace M. liiNDSAY, M.A, 

Extra fbap. Sva 1: Sd. 
Plantiu. Trinummns. With Notes and IntrodnctionB. (In- 
tended for the Higher Fonna of Fnblie Sohodc.) Bj C. E. Fbbeham, 

H.A., and A. Slouan, U.A. Eitn fbap. 8to. jj. 
Pliny. Selected Letters (for Schools). With Not«s. By 

C. E. Fbiohabs, H.A., and £. B. Bbbhabd, M.A. Extra &ap. 8to. 31. 
Sallust. With Introduction and Notes. By W. W. Capes, 

HLJi.. Extra fcap. Svo. ^t. td. 
Taoitoa. The Annals. Books I-IV. Edited, with Intro- 
duction and Note* (for th« qae of StAoolB and Junior Stodente), by 

H. FuBNRAVX, M.A. Extra feq>. Sto. 5*, 
The Annals. Book I. With Introduction and Notes, 

by the lame Editor. Eitr> fcap. Sto. limp. i». 
Terence. Andria. With Notes and Introdnctions. By 

C. E. Fbuman, M.A., and A. Bloxas, M.A. Eitoa foap. Sto. jf. 
Adelphi. With Notes and Introdnctions. (Intended 

for the Higher Fomu of Pnblio Sohcxili.) By A. Slomav. M.A. Extra 

talip. Sto. 3». 

Phormio. With Notes and Introductions. By A. 

Sloiuh, M.A. Eitra foap. 8to. 31. 
Tibolliu and Propertiiu. Selections. .Edited by O. G. 

Rambat, M.A. (In one or two parte.) Extra fcap. 8*0. 6*. 
Virgil. With Introduction and Notes. By T. Ii. Papillos, 

MjL Two Vola. Crown Sto. lot. 6d. The Tart ttparalOji, 41. 6d. 

Bucolics. Edited by C. S. Jeesau, M.A. In one or 

two Parti. Extra foap. Svo. 11. 6d. 
Oeorgics. By the same Editor. I» the Frett. 
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Tirgll. Aeneid I. With Introductioa and Notes, by the 

um« Editor. Eiti* feap. Svo. limp, k. 6d. 
Aeneid IX. Edited, with Introduction and Notea, by 

A. E. Haioh, M.A. Eitnt fi»p. Sto. limp, i«. 6d. In two Farta, tt. 

(2) GBBEK. 

STINDABD WORKS AND EDITIONS. 
Allen. Notes on Abbreviations in Greek Manuscripts. By 

T. W. Allbh, Queen'i CoUegra, Oxford. Boyal 8vtt. g*. 
OhaBdler. A Practical Introduction to Greek Accentuation, 

by H, W. CuHDLn, M.A. Becond Edition, iw. 6d. 
Haigh. The Attic Theatre. A Description of the Sta^e and 

llkeatre of the Atheajuu. and of the Dramatic Parfonnanoea at Athena. 

By A. E. Haiqh, M-4. 8vo. ia». 6d. 
Head. Historia Nnmorum : A Manual of Greek Numismatics. 

By BuoLAT y. Hbis. Royal Sto. half-bonnd, il. it. 
HiekB. A Manual of Greek Historical Inscriptions By 

E. L. HtcKB, M.A. 8to. io*. 6d. 
Sing and Cookson. The Principles of Sound and Inflexion, 

ai illuBtrsted in the Greek and Latin iMngaagm. By J. E. KiNO, MJk.., 

«ld CHRISTOPHKB GOOESON, ]f .A. Svo. !S(. 

Liddell and Scott. A Greek-English Lexicon, by H. G. 
LiDDBLL, D.D., and BoBEBT ScoTT, D.D. Seventh Hditiaa, Bevited and 
Atignenied throtigkBat. 4(0. il.i6a. 

FspiUon. Manual of Comparative Philology. By T. L. 

Papilloit, M.A. Third Edition. Crown 8td. 6*. 
Veitoh. Greek Verbs, Irregular and Defective. ByW-VsiTCH, 

LL.D. Fourth Sdition. Crown Svo. lar. 6d. 
Vocabulary, a copious Greek-English, compiled from the beet 
authorities. ]4ma. z*. 



Aesohinetn et laocratem. Scholia Graeca in. Edidit 

G-DlBDOHTlDS. 185a. 8TO.4*. 

Aesohines. See under Oratores Attioi, and Demosthenes. 
Aesohyll quae supersunt in Codice Laurentiano quoad efSei 

potuit et ad cognitioneni nec«isa ett viliun typis deacripta edidit 

R. MutElL. Small folio. 1^ 1*. 
AsBotiylns: Tra$;oediae et Fragments, ex recensione GuiL. 

DiHDOBPti. Second Mdiiion, 1851. frm. 5*. 6i. 
Annotetiones GuiL. DiNDORFii. Partes II. 1841.8YO.10*. 
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Aneodota Graeca Osonieneia. Edidit J. A. Cbaukb, S.T.P. 
TomilV, 1835. 8yo, il. as. 

Graeca e Codd, Msa, Bibliothecae Begiae FariBieneie. 

Edidit J. A. Cbaiob, S.T.P. Tomi IV. 1839, 8yo. il. 11. 

ApsiiiiB et Iiongim Bhetorica. E Codicibus mss. recensuit 

Job. Bakiub. 1849. Sto. Ji. 

AriBtophanea. A Complete Concordance to the Comedies 

and rngmenlt. Bj Hkhbi Diihb4B, M.D. 4io. il. u. 

J. Caravellae Index in Anetophanem; 8to. 3«. 

Comoediae et Fragmenta, ei receneione Guil, Dindohs'ii. 

Tomi II. 1835. 8to. tt«. 

AnnotationeB Gdil- Dindokfii. PartesII. 8vo. ii«. 

Scbolia Graeca ex Codicibus ancta et emendata a Guil. 

DOiDOBPto. PartCTlII, 1838. Sto. il. 
ABISTOTIiE. 
Es receneione Ikmanoklis Beskzbi. Accedunt Indices 

Sylbnrgiuii Tomi XI. 1837. 8to. il. lo*. 

The Tolnmet (eioept vol. IX) nmy b« luwl Sepanttelj, prioe 5t. M, eaoh. 

The Folitios, with Introductions, Notes, etc., by W. L. 

Nbwvah, M.A., Fellow of BalliDl College. Oxford. Yoli. I and II. 
Medinm Svo, l8(. 

The Folitios, translated int« English, witii Introduction, 

MaigfiDal AnaljrnB, Notei, and Indioei, by B. JowiTT, U.A. Medium 
Svo. I vols, 1I«. 

Ethica ITicomachea, ex recensione Iuuanuelis Beekebi. 

Crown 8to. 5 a. 
Aristotelian Stodioa. I. On the Structure of the 

Seventh Book of the Nioomuihean Ethics. B; J. C. WlLBOH, M.A. Svo. 
SUff coven, gf . 

The English Manuscripts of the ZTicomacIiean Ethics, 

described in relation to Beklcer's Mannscr^itB and other Hoorcea. By 
J. A. Stbwabt, M.A. (AnecdoU Oxon.) SmaU ^to. 3*. 6d. 

On the History of the process by which the Aristotelian 

Wrltlnsa arrived at their preaent form. BjB. Sbutk, M.A. Svo. 7«.6d. 

Fhysios. Book VII. Collation of various uss. ; with 

IntrodDction by R. Shdte, M.A. (Aneodota Oxon.) Small 4to. u. 

Choerobosoi Dictata in Theodosii Canones, necnon Epimerismi 
inPHalmoi. E CodiciboH nui. edidit THOiua OAiaroBD, S.T.P. Tomi III. 
1841. 8vo. IS*. 



LT Faovsx, Ajanta Cvrnor, R 
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DemostlLenea. Ex receneioae Gtm.. DiKBOBPn. Tomi IX. 

1846-T851. Svo. 3I. 6*. 

BepanUdy:— 
Tnttni. tl. If. AnnoUtions. 15*. Scholift. 10*. 

Demoflthenefl and Aesohinea. The Orations of Demosthenes 

nod Aentliiiies on the Crown. With Introdootory EMftfi and Notes. Bj 

G. A. 8111001, M-A., BBd W. H. Slltoox, M.A. 8»o. IM. 
Snripiiles. Tra^ediae et Fragments, ex recensione QuiL. 

DiHDOBm. Tomi IL iS.tj. Svo. loi. 

Annotationes (tUIL. DiNDOKFii. FartesII. 1839. Svo. lew. 

Scholia Graeca, ex Codioibns ancta et emendata » GniL. 

DiMDOBVio. Tomi IV. 1S63. Svo. U, 16*. 

Aloestis, ex recensione G. Dindorpii. 1834. Svo. it. 6d. 

Earpoorationis LexlatNi. Ex recenaione G. Dikdorfii. Tomi 

U. 1854, 8to. 10.. 6d. 
HepluwBtiooiB Enchiridion, Terentianns Maarus, Proclns, etc. 

EdiditT. Gaismbp, B,T.P. Tomi II, 1855. km. 
Heraoliti Epbesii Reliquiae. Receneuit I. SrwATEE, M.A. 

Appendioii loco additae lant DiogeiuB Laertii Vita HeracUti, Pordoolae 

Hlppotntoi !>• IMmU Lib. L, BpuloUe Henolitme. Svo. 6*. 

HOHSB. 

A Complete Concordance to the Odyssey and Hymns of 

Homer ; to whii^ is added a Conoordance to the Puwllel Puai^e* in the 
Hiad, Odywey, and Eymui. B7 Eih&t DuysAB, MJ). 410. ll. it. 

Seberi Index in Homerum. 1780. Svo. 6s. 64. 

A Grammar of the Homeric Dialect. By D. B. Moneo, 

H.A. 8to. 10*. 6d. 

Ilias, cnm brevi Annotatione C. G. Heyhii. Accedunt 

SoholSa minora. Tomi II. 1834. 8to. 15*. 

Ilias, ex ree. Gdil. DiNDORPii. 1856. Svo. 5*. 6rf. 

Scholia Graeca in Iliadem. Edited by W. Dindohf, 

a[l«r a new ooUatioii of tbs Venetian vsa. by D. B. UoMBo, M.A., 

ProvoBt of Oriel College. 4 voli. Svo. 9 1. lot. 

Scholia Graeca in Iliadem Townleyana. Becensuit 

BBHKaVDS Waamb. 2 VoU. BvO. \l. l(u. 

OdyBsea, ex rec. G. DimjOKFn. 1855. Svo. 5*. 6d. 

Scholia Graeca in Odysseam. Edidit Gpil. DiNDOEPira. 

Tomi U. i8ss- 8vo. i5». 6rf. 

Odyssey. Booko I-XII. Edited with English Notes, 

Appendioes, ete. ^Vl.'Vi. Mbskt, D.D., and the late Jambs Riddbll, 
M.A. Stantd EdiUo*. Svo. i6t. 
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OntoTM Attioi, ex recensioae Bbkexbi : 

I, Antiphon, Andoddes, at Ljiim. i%a%. Sto. "jt, 
n. iBoctate*. iSiJ. Sto. 7*. 
~ m, IiMiu, Aesohiiui, Lyonigoi, Dinaioliiii, eto. 1813. Sto. 7«. 

FaroemiogTSpbi Grsecl, qnorum para nunc primum ez 

Codd. niM. Tiilgatiir. £didlt T. OuaroBD, S.T.P. 1836. Sto. j*. 6d. 
PLATO. 
Apology, with a Tevised Text and English Notes, and 

» Digeat of FUtonie Idioms, by Jaheb Bidsill, M.A. 8to. S«. 61^. 
Fhilebiu, with a revised Text and English Notes, by 

Edw&sd Fosti, M.A. i860. Sto. 71. 6d, 
Sophiates and Folitiaiu, with a revised Text and Eng- 

liah Notei, by L. O^xtwoA., M.A. 1867. 8to. iSi. 
Theaetetna, with a revised Text and English Notes, by 

L. Cahpbbll, M.A Seeoud Editio*. Sto. im. 6d. 
The Dialogues, translated into English, with Analyses 

■nd Introdactiona, by B. JowxiT, M.A 5 toIb. medium Sto. 3I. io(. 
The Bepublia, translated into English, with Analysis and 

IiitrDdaetioQ,b7B. JowiTTiHA. Medium Sto. ii«.6if.; h>lf-niui, 141. 
Index to Plato. Compiled for Prof. Jowett's Translation 

of the Dialogues. By Etslih Abbott, H.A. 8to. Faper coTen, m. 6i. 
Flottntu. Edidit P. Ckedzkb. Tomi III. 1855. 4to. il,ii. 

F0I7UUS. Selections, Edit«d by J. L. Strachan-Da^tidson, 
H.A. With Map*. Medium Sto. bnokram, m. 

SOFHOCLBS. 

The Plays and Fragments. With English Notes and 

Introduotioni, by Levis CaubelL, M.A. 3 toU. 
Tol. I. Oedipua Tyruutoi. Oedipoi Cdoneni. Antigon*. Sto. 16*. 
ToL II. Aju. Eleotn. TnohiniM, Fhiloetetea. Fngmenta. Sto. \6t. 

Tragoediae et Fragmenta, ex recenaione et cam com- 

mentkriii Gdil. DiNDoam. Third Edition, a vols. Fcap. 8to. i2. i*. 
Each Fl&y Mparately, limp, M. 6i. 

The Text alone, with large margin, small ^to. 8*. 

The Text alone, square itimo. 3*. 6d. 

E^oh Flay wpuately, limp, 6d. 

Tragoediae et Fragmenta cum Annotation ibue Guil. 

DntDOBm. TomlH. 1S49. Sto, km. 

The Text, Vol. I. 5«. 6d. The Notei, Vol. II. 4^. M. 
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AristophAnes, In Single Plays. Edited, with English 
Nam, Introdaellaiu, Ac, b; W. W. Mbrbt, D.D. Sitni feftp. Sro. 

I. The Acharnians. Third BMtim, 3*. 

II. The Clouds. Third Editio; 31. 

III. The Froga. Saxmd Editiom, y. 

IV. The Knights. Second Edition, 31. 
v. Tbe Birds. 3*6^. Jmtt Fublithed. 



Demoflthenes. Orations against Philip. With Introduction 
uid Notes, by EraLTir Abbott, M.A., and P. K Matdbsov, M^. 
Vol. I. Philippic L 01;iitIiutoa I-HI. Kxti« feap. Sro. 3*. 
Vol. n. De Pace, Philippie n, D« Chenooeao, Philippic III. /• 
ti« Pratt. 
Soripidea. In Single Flays. Extra fcap. 8vo. 

I. Alcestie. Edited by C. S. Jerbah, M.A. 2*. 6d. 

II. Hecuba, Edited by C. H. Russbli^ M.A. a*. 6d. 

III. Helena. Edited, with Introduotion, Notes, etc., for 
Upper and Middle rormi. Bj C. S. Jibbah, M^. 31. 

IV. Heracleidae. By C. S. Jebkah, M.A. 3*. 

V. Iphigenia in Tauris. By the same Editor. 3A 

VI. Medea. By C. B. Hkbebbkm, M.A. a. 

Herodotus. Book IX. Edited, with Notes, by Evelyn 

Abbott, M.A, Extra fcap. Svo. 31. 
Selections. Edited, with Introduction and Notes, by 

W. W. MiRBl, D.D. Eit» tatp. Svo. it. 6d. 

Homer. 

I. Iliad, Books I-XII. With an lotrodaction and a 
brief Homeric Onuonutr, and Notes. By D. B. Monro, M.A. 
Second Sdilion, Elba Tcap. 8td. 6«. 

II. Iliad, Books XIII-XXIV. With Notes. By the 

wme Editor. Eitra foap. Bto. 6*. 

III. Iliad, Book I. By D. B. Monbo, M.A. Second Ediiion. 
Eitra foap. Svo. it. 

IV. Iliad, Books VI and XXI. With Introduction and 
Notea. B7 EsBBSHT H&ilbtone, M.A. dtia fcap. 8to. i*. 6d, each. 

Oxfoid ; dueodui Pnoe. 
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Homer {continued). 

V. OdyeBey, Boots I-XII. By W. W. Mbkry, D.D. 
Fortieth Tko»»and. Ezbk foftp. Sro. 5*. 

Booki I »nd II, •epwBlely, ettoh it. 6<1. 

VI. Odyssey, Books XIII-XXIV. By tbe same Editor. 
Extra fup. Svo. £«. 

IiTiaian. Vera Historia. By C. S. Jekkau, M.A. Second 

EdHio». Bxtra fc»p. Sto. it. 61^. 
LysiBfl. Epit4iphio8. Edited, with Introdactioa and Notes, 
bj f . J. Smill, B.A. Extra foap. Sro. m. 

Plato. Meno. With Introduction and Notes. By St. 
GioBoi Stdok, M.A. Extra foap. Svo. 11. 61^. 
■ The Apology. With Introduction and Notes, By St. 
GiOBGR Stooi, M.A. Extra fmp. Svo. it. 6d. 

SophooleB. For the use of Schools. Edited with Introduc- 

tioiu and English Notes. By Lewis Caxfbrll, U.A., and EvBbTN 

Abbott, M.A. Neu and Ranted EdiHo*. 1 toIi. Extra foap. Svo. 

io».6d. 

Sold leparately : Vol. I, Text, 4>. 6d. ; Vol. II, Explanatory Notes, 61. 

Or in gmgU Flay»: — 
Oedipus ColoneuB, Aotigooe, is. ^. each ; Oedipus Tyraimus, 
Ajax, Electra, Trachiniae, Philoctetes, 2«. each. 
Sqphooles. Oedipus Bex ; Dindorf s Test, with Notea by the 

present Biibc^ of St. David'a. Extra fcap. Svo. limp, it. 6d. 
Theooritnfl (for Schools). With English Notes. By H. 

Kthabtoh, D.D. (late Show). Third Edition. Extrafcap.Svo. ^i.6d. 
XENOFHOIT. Easy Selections (for Junior Classes). With a 

Vooabnkry, NoIbb, and Map. By J. S. PaiLLPOTTa, B.C.L., and C. 8. 
JiBBAK, M.A. TMrd EdUion. Extra foap. Svo. 3*. 6d. 

Selections (for Schools). With Notea and Maps. By 

J. S. PaiLLPOTTa, B.C.L. Ftmrtk Zdition. Extn foap. Svo. 3*. 6d. 

Anabasis, Book I. Edited for the use of Junior Classes 

and Private Stndmla. With Introduction, Notea, etc. By J. Mabsoall, 
H.A. Extra tenp. Svo. m. 6d. 

Anabasis, Book II. With Notes and Map. By C. S. 

JiBKAM, M.A. Extra foap. Svo. It. 

Anabagis, Book III. With Introduction, Analysis, 

Notea, etc. By J. Mab«hm.l, H.A. Extra foap. Svo. at. 6d. 

Iiondon : Horar Fhowdi, Amsn Ooinei, G.C. 
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Xenophon (continued). 

Vocabulary to the Anabasis. By J. Mabshall, M.A. 

Extra fcap. Svo. it. 6d- 

Cyropaedia, Book I. With Introduction and Notes. By 

C. Sloa, D.D. Extra fcap. Sto. it. 

Cyropaedia, Books IV and V. With Introduction and 

Notu. Bj C. fiiOG, D.D. Extn foap. Sto. ». 6a. 
Hellenica, Books I, II, With Introduction and Notes. 

B; Q. K Uhdbiihill, M.A. Extra foKp. 8vo. si. 

Memorabilia. By J. Makshall, M.A. In the Frets. 

SECTION V. 
ORIENTAL LANGUAGES'. 

THE 8AGBED BOOKS OF THE EAST. 



First Series, Vol*. I— XXIV. Demy Sto, doth. 

Vol I. The Upaniahads. Translated by F. Max MilLLEE. 

Parti. lOt.Cd. 
Vol. II. The Sacred Laws of the Aiyas, as taught in the 

Sohoola of Apaetamba, Gautama, V^giabfAa, and Bandhftyana. TtaiM- 

Uted by Prof. GxoBG BuHLEB. Part I. log. 6d. 

Vol. III. The Sacred Books of China. The Texts of Con- 
facianiun. Translated bj jAioa Lsoqe. Fart I. Il«. 6d. 

Vol. IV. The Zend-Avesta. Part I. The VendidHd. Trans- 
lated by Jakes Dabhebteteb. xo$. 6d, 

Vol. V. The Pahlavi Tests. Translated by E. W. Wbst. 
Fart I. I3(. 6d. 

Vols. VI and IX. The Qur'an. Translated by E. H. 

PALHEB. 111. 

Vol. VII. The Institutes of Visb»u. Translated by Julius 

JOLLI. lot. 6d. 

Vol. VIII. The Bhagavadgita, with The Sanatsn^&tiya, and 
Tfae Annglta. Translsted by KIsbinAts Tbdibak Tilamq. ioi. 6d. 

* See also Anbodota Oxoh., Seriee II, III, pp. 31, 33, below. 

Oxford; Clusndou Pi«>. 
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Sacred Books of the East. 29 

The Soored Books of the East [continued). 

Vol. X. The Dhammapada, translated from P4U by P. Max 

UOllek; and The Subta-Nipftta, tnosUted born P&Ii bj V. FadSboll ; 

being CanoiucKl Books of the Baddbists. loi. ^d. 

Vol. XI. Buddhist Suttas. Translated from P&li by T. W. 
Bhtb Davidb. loj. di. 

Vol. XII. The iSntapatha-BHlhmana, according^ to the Text 
of the M&dhfaadiiia School. Tntnslated bv JnuoB EennjNO. Fait I. 
Bookalandll. \'u.M. 

Vol XIII. Vinaya Texts. Translated from the P&li by 
T. W. Khtb Dattos And Ebbmanit Oldbhbrbo. Put I. lo*. M. 

Vol. XIV. The Sacred Laws of the Aryas, as tanght in the 

Schools of Ap&st&mbB, GAutama, VaBiahfia and Bandh&7anA. 'nwiglated 
by Obobo BObleb. Fart II. lot. 6d. 

Translated by P. Max MOllbh. 

Vol. XVI. The Sacred Books of China. The Texts of 
ConfiieiaiiiBiii. Tranal&ted bj Jaubs Leqoe. Fart II. lo*. (>£. 

Vol. XVII. Vinaya Texts. Transhited from the Pali by 
T. W. Bhts Datidb and Hebhamn OLDBKBEBa. Part II. tot. (,d. 

Vol. XVIII. Pahlavi Texte. Translated by E. W. Weot. 
Fart II. lat. 6i. 

Vol. XIX. -The Po-sho-hing-tsan-king, A Life of Buddha 
by Atragboeha Bodhisattva, tnnBlated &om Sanskrit into Chinese by 
DharmaKkaba, a.d. 430, and &om Chineee into English by Sanvbl 
Bui.. lot. 61;. 



Vol. XXI. The Saddbarma-puffJarika ; or, the Lotus of the 
TVne Ijiw, Translated Irf H. Kkbh. iit. 6i. 

Vol. XXII. Gaina-Sfitras. Translated from Pr4krit by 
HXBKA2IN Jaoobi. Fart L tot. M. 



Vol. XXIV. 

PartllL I 



K. AmfiD Com«r. KG. 
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THE 8A0BED BOOKS O? THS EAST. (Seoond Bexiw.) 

Vol. XXV. Mann. Ti&ulated b^ Gbokgf Bi^blek. hi. 

Vol. XXVI. The &tapatha-Br&hma)ia. Translated by 
Joutrs BooRuna. Put II. I3f. 6^ 

VoIb. XXVri and XXVIII. The Sacred Boots of China. 
Tha Texts of Confoduium. Tmulatcd bj Jakkb Leooe. PartBlIIuid 
IV. S5». 

Vols. XXIX and XXX. The Grihya-SHtras, Rules of Vcdio 
Domettie CeremonieB. TnnilaMd "iij HiEHurii Oldenbxbq. 
Part I (VcJ. XXIX). II*. 6d. 
Fart II (Vol. XXX). I»HttPrtu: 

Vol. XXXI. The Zend-Avesta. Part III. Translated by 
L. H. Mills. i». 6d. 

Vol, XXXIII. N&rada, and some Minor Law-books, 
l^uulated bj JuLIDS Jollt. ioc 6d. 

Vol. XXXIV. The Vedanta-Satras, with ^fankare's Com- 
mantuy. TruuUted by Q. Tkbadt. i 9i. M. 

The following ValumeB are in the Fresa : — 
Vol. XXXII. Vedic Hynms. TransUted by F. Mix 

UOlXXB. Put I. 

Vol. XXXV. Milinda. Translated by T. W. Hhy3 Cavtos. 



ABABIC. A Practical Arabic Grammar. I^rt I. Compiled 
W A. O. Okkeh, Brigade Uaj<a', Royal Eni^ecn. Steond XMiim, 
Enlarfftd. Crown 8yo. 7». 6d. 

CHIITBSB. Catalo^ne of the Chiaeae Translation of the 
Bnddbbt TripUaka, the Sacred Canon of the BuddhUta in Cldna and 
Japan. Compiled b; Bttmnn Nak jio, 4to. il. j i«. 6d. 

Handbook of the Chinese Language. Parts I and II. 

Grammar and Chreatomathy. By jAMES SCVMSSB. Svo. it. 8t. 

CHINESE. Record of Baddhistic Kingdoms ; being an Ac- 
conn t by the Chinese Monk FX-HIBM of hi» travela in India and Ceylon (A.D. 
399-414) in search of tlie Suddhiet Books of Diwapline. lYansUted and 
annotated, with a Corean reoension of the Chinese Text, by J«hkb laaam, 
M.A., LL.D. Crown 4to., boards, lof. 6d, 
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CHALDEE. Book of Tobit. A Chaldee Text, from a 
unique MS. in the BoiUeiui Libnuy; with otiier Babtanieal Texts, 
English TrftiuUtioiu, and the Itala. Edited by As. Nbdbadir, M.A. 
Crown Sto. 6i. 

OOPMC. Libri Proplietarum Majornm, com LameBtetiombus 
Jeremike, in IMaleota Lingnae Aegyptisoae Ifemphitioa een Coptiak 
Edidit oum Verdone L»tin» H. Tattam, 8.T.P. Tom! U. 1853. 8™. I7». 

Libri duodecim Prophetarnm Minorum in Lin{». Aegypt. 

vnlgo Coptiea. Bdidit H. Tattam, A.M. 1836. Sto. 8>. 64. 

Novam Testamentum Coptice, cura D. Wilkins. 1716. 

ftO. t». 6rf. 

HEBBEW. Pealms In Hebrew (without pointe). Cr. 8to. is. 
DriTer. Treatise on the use of the Tenses in Hebrew. 

B7 a R. DBIVXH, D.D. StMHuf XdiMon. Eltn (cap. Sro. •}!. 6d. 

Commentaiy on the Book of Proverbs. Attributed 

to Abndiam Ibn Eira. Edited from » Muiiiecript in the Bodleian 
Libnry by S. B. Dhitib, D.D. Crown Sto. paper coven, 3*. 6i. 

ZTeabaaer. Book of Hebrew Koots, by Abu '1-Wa1td 
MarwtD ibn J»oah, otllerwiK caUsd Kabbi YSnAb. Now tint 
edited, with an Appendix, by As. Niubauir. ^to. iL i*. 6d. 

SpoireU. Notes on the Hebrew Text of the Book of 
Gentaie. By G. J. SfobbblIi, MJi. Crown Sto. lot. 6d. 

Wiokea Hebrew Accentuation of Psalms, Proverbs, and 
Job. By WniiAH WiCEca, D.I>. 8to. 51. 

Hebrew Prose Accentuation. Sro. icm; td. 

SAHSKBIT. — Saoskrit^English Dictionary, Etymologically 

and Philologically airaneed, with special reference to Greek, Latin, 
German, Anglo-Saion, Engliah, and other cc^nate Indo-Eiiropeau 
Languages. By Sir M. HoHiBB- Williams, D.C.L. 410. 4I. 14*. 64. 
Practical Grammar of the Sanskrit Language, arranged 

with reference to tlie Classic*] Languages of Eniope, bj Sir M. MONIBB- 
W1HIAB8, D.C.L. JWrtA Edition. Svo, ij*. 

Nalop^kbyfiQam. Story of Nala, an Episode of the Mahl^- 

bhltrata: the Sansloit Text, with a copious Vooabnlary, and an im- 
proved version of Dean Mthnan's Truulation, by Sir U. Momieb- 
WILLIAMS, D.C.L. Sectmd Edilion, Smind and Improved. Svo. 15*. 

Sakuntala. A Sanskrit Drama, in Beren Acts. Edited 

by Sm M. IfoHiBB-WiLUAVS, D.C.L. 8«tond Edition. Svo. il. i*. 

SYBXA.C. — ThesaaruB SyriaouB : collegerunt Quatrem^re, 
BemsteiB, LiHibaoh, Amoldi, Agrell, Field, Boediger : edidit R. Fathi 
SniiH, S.T.P. Vol. I. oontaining Faso. I-V. Snu fol. 5I. s». 
Fmo. YI. iI. i«. Faso. Vn. ti. ii*. 64. Fasc VIII. it. 16). 

London : HaaBT Faowns, .Ahmd Gomar, B.G. 
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8YBIAC {continued.) 

The Book of iTnUiftTi and Dinmah. Translated from 

Anbia into SjriK. Edited by W. Wbibht, LL.D. Svo. i{. i*. 
CyrilU ArchiepiscopI Alexandrini Commentarii in Lucae 

Eruigeliam qrtae gopergniit Syriace. £ AISS. »pad Mob. Britui. edidh 

B. Fatni Smith, A.M. 4ta. il. h. 

Translated by R. Paynk Smith, M.A. a vols. 8to. 14*. 

Ephraemi Syri, Babolaa Episcopi Edesseni, Balaei, etc.. 

Opera Selecta. E Codd. SjtiBciB mu. in Muaeo Britannico et Bibliotheoa 

Bodleiana auerratiii priniDB edidit J. J. Ovbbbeok. 8ra. il. it. 

John, Bishop of Epheeus. The Tbird Part of his Eccle- 

siaatioal Hiitory. [In Sjiiac] Now fint edited bj WiLUAU Cdbxiov, 
M.A. 4to. iI. I3«. 

Translated by R. Patke Suth, M.A. Sto. 10*. 

SECTION Vl 

ANECDOTA OXONIENSIA. 

(Crown 4to., Bturooven.) 
X. OX^BSIGAIi BBSrSS. 

I. The English Manuscripts of the Nicomachean Ethics. 

By J. A. Stbw&bt, M.A. 31. 6d. 

II. Nonins Marcellus, de Compendiosa Doctrina, Harleiao 

MS. 1719. Collated bj J. H. OmoMB, M.A. 31. 6d. 

III. Aristotle's Physics. Book VII, With Introduction by 

B. Shots, M.A. a: 

IV. Bentley'a Plautine EmCDdations. From his copy of 

Gronovim. By K A. Sohhbhscheih, M.A. 1*. 6d. 

V. Harleian MS. 2610 ; Ovid's Metamorphoses I, II, III. 

1-611; XXIV I«tin Epigrams from Bodleian or atber MSS. ; Latin 
GloweB on ApoUinaris Sidonias from MS. Digby 171. Collated and 
Edited by BoBursoir Ellib, M.A., IX.D. 4*. 

n. SEMITIC SEBIXS. 

I. Commentary on Ezra and Nehemiah, By Babbi 

Saadiah. Edited by H. J. Mathiws, U.A. 3*. 6d. 

II. The Book of the Bee. Edited by Eenest A. Walus 

BCDGI, M.A. 311. 

III. A Commentary on the Book of Daniel. By Japhet Ibn 

All. Edited and Translated by B. B. MabooliOUTB, MA. tu. 

IV. Mediaeval Jewish Chronicles and Chronological Notes. 

Edited by Ad. Nedb*.qkb, M.A. 14*. 
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The Holy ScripttireSy etc. 



AITEODOTA OZOZTIEB'SIA (coniimed). 
m. AB7Air BBBIES. 

I. Bn^<31iist Texts from Japan, i. YnffiaiiAeiikA. Edited 

hj F. Max UtJLLBB. 3*. 6d. 

II. Buddhist Texts from Japan. 2. Sukbavati Vyuha. 

Edited by F. Max MOllkb, M.A., uid Buniid Navjio. ^>. 6d. 

III. Buddhist Texts from Japan. 3. The Ancient Palm- 

leavea oontaiDiiig the Pra^l-Piisimtli-Hridaya-Satn and tlie 
Diholslui-Vigaya-Dhannl, edited hj F. Max Mulleb, M.A., tuid 
Buimo Narjio, U.A. With an Appendii.bf 6. Bfiblbb. lot. 

IV. K&tyayana's SarvfLnutramawi of the ffigveda. With 

EitractB from Shai^urQfiohya'B CommentatjentiUed VedAi-thadlpikil. 
£dit«d by A. A. Maodohxll, M.A., Ph.D. i6(. 
v. The Dharma Sawgralia. Edited by Kbhjiu Kasawaha, 
F. Mai Miiu.BB, and H. Wsmzel. 71. 6d. 

TV. MBDIADVAL AND MOPBBlf SBBIBS. 

I. Sinonoma Bartholomei. Edited by J. L. G. Mowat, 

M.A. 3t.6d. 

II. Alphita. Edited by J. L. G. Mowat, M.A. 12*. 6d. 
ILL The Saltair Na Bann. Edited from a MS. in the 

Bodleian Library, by Whitlbt Stosxb, B.C.L. 7«. 6d. 

IV. The Cath Finntr^, or Battle of Veotry. Edited by 

Kdno Miieb, Ph.D., U.A. 6t. 

V. Lives or Saints, from the Book of Lismore. Edited, 

with Tranalation, by Wbitlei Siokbb, D.C.L. il. lu. 6d. 



II. THEOLOGY. 

A. THE HOLY SCRIPTURES, ETC. 

COPTIC. Libri Prophetarum Majonim, cum Lamentatiooibna 

Joemiae, in Dialecto Lingcae Aegyptiacae Memphitica sen Coptic*. 

EdiditonmVerBioneL»tanaH.TATTAll,8.T.P. TomiU. 1851. 8™. 17*. 
Xiibri duodecim Prophetarum Minorum in Ling. Aegypt. 

vnigo Optica. Edidit H. Tattak, A.M. 1836. Bto. S$. 6d. 
Novum Testamentum Coptice, cura D. Wilkins. 1716. 

4to. lit. 6d. 

IdDdaa : HUBI Fhowde, Adhd Comer, E.O. 
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34 ^^' TheoU^. 

SZTOLISH. The Holy Bible in the Barllest EngluhTer^tms, 

nude &om the LbIid Vrtlnita by itSBs WiOLirFs and Ilia followen : 

edited b; FoitaHALL and Uilddbh. 4 voli. 1850. Boyal ^to. 3i. 31. 

Alto reprinted from the above, with Introduotion and Gloeury 

by W. W, Skkat, Litt. B. 

I. The Books of Job, Fsalmg, Proverbs, Ecclesiafitfia, and 

the Song of Solomon. Extra fcap. Sto, 31. bd. 

II. The New Teetament. Ertra fsap. Svo. 6«. 

TheHol^Bible: aiiezaotreprmt,pagefOTpage,ofthe 

AatliorlBed Teraion pabllshed in tlie rear 1611. Demy ^to. half 
bound. \l. II. • 

The Ho^ Bible, Revised Tersioii*. 

Cheap ecUtiong for School Uu. 
Beviied Bible. Fearl l6ma., doth boards, K. M. 
Beviaed New Tettament. Konpatril 3]mo., 6d. ; Brevier l€mo., l*. ; 
Long Frimcx Svo., 11. 6d. 

The Oxford Bible for Teaohers, contaiDing eapple- 

mentaiy. Hrlps TO TBI Stcdt or the Bislb, inolndiog sammarieaofthe 
iBTenl Sooka, with oopious explanatory notes ; and Tables iUnstxative of 
Scriptnre Hi'torj and the characteriatics of Bible Lands with a, complete 
Index of Sabjecte. a Concordance, n Dictionary of Proper Names, uid a 
series of Maps. Prices in various sizes and bindings from 3*. to ll. 5<. 

Helps to the Stady of the Bible, taken from the 

OiTOBD BiBLK FOB TsACHRRe. Crown Svc, y. 6d, 

The Psalter, or PsalroB of David, and certain Canticles, 

with a Translation and Eipoeition in Engliah, by RichabD Bollb of Ham- 
pole. Edited by H. R. Bbamlbi, M.A., Fellow of 3. M. Magdalen College, 
Oxford. With an Introduction and Glossary. Dem; Svo. if. i>. 

Stadia Biblloa. Essays in Biblical Archeology and 

Criticism, and kindred subjects. By Members of the University of Oxford. 
Svo. 101. 6d. 

LeotnreaontheBDokof Job. Delivered in Westminster 

Abbey by the Very Rev. G. G. Bbadlit, D.D, Crown Svo. 7*. 6d. 

Iiectores on Ecolecdastes. BythesaraeAutbor, Cr.Svo. 

it.Gd. 

■ The Book of WiBd<niL : the Greek Text, the Latin Vul- 
gate, and the Authorised English VersioD ; with an IntrodactioD, Critical 
ApparatnB, and a Commentary. By W. J. Dbanb, M.A. 4to. n«. 61I, 

The Five Books of Haooabees, in English, with Notes 

and Illustrations by Hbnbt Cotton, D.C.L. 1S33. 8vo. km. 6d. 
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ZNGLiaH (cmtinued\. 

By Henbt 

— HhemsB and Doway. An attempt to shew what has 
besD done bj Bomui Catholics Ua ibe diffngion of the H0I7 Scriptares in 
English. By Ewmi Cowok, D.C1-. 1855. 8vo. <»». 

I Interpr, et 

The Gospel of St. Hark in Qotliic, according to the 

tnnalation made by Wdlfila in the Fourth Centary. Edited bj 
W. W. Sebat, Liti D. Extra fcap. Bto. 41. 

QISXSS.. Old Testament. YetuB Testa mentum ez Versione 
Septua^nta Interpretnm aeaondmn exemplar Yaticannm Bomae editnm. 
Aocedit potior vaiietas GodicaB Aleiandritii. Tomilll. iSmo. tSj. 

Vetus Testamentum Graece cum Variia Lectiniiibufi. 

Editimeni ■ R. EOLKIB, 5.T.P. inehoatam continitBTit J. Pabsoms, S.T.B. 
TomiV. 1798-1837. folio, 7f. 

Origenis Hesaplorum quae supersunt ; eive, Veterum 

Interpretum Graecomm intotruo Tetai Teatamentum EVagmenta. Edidit 
Fbidkbiodb FiBLD, A^. a vola. 1875. 4to. si. 5*. 

Easaye in Biblical Greek. By Edwin Hatch, M.A., D.D. 

Svo. IM. 6d. 

Hew Testament- Novum Teetamentum Graece. Anti- 

qaiwiaumim Codicum Teitas in ordine parallelo dispoaiti. Edidit 
E. H. Hakbell, 8.T.B. Tomi IH, 8vo, a^j, 

Novum Teataroentum Graece. Accedunt parallela 

S. Scriptorae loca, etc. Edidit Cabolus Llois, S.T.P.B. iSmo. 3a. 
On writing paper, with vide margin, 101. 6(i. 

CSritioal Appendices to the above, by W. Sakdat, M.A. 

Extra fcap. Svo. doth, 3<. M. 
Novum Testamentum Graece juxta Exemplar Milliannm. 

iSmo. If. G(f. On writing paper, with wide mai^n, 9c. 

Evangelia Sacra Graece. Poap. 8*0. limp, ». f>i. 

The Greek Testei^ent, with the Beadiugs adopted by 

the Berlien of the AnUinriaed Vertion ;- 



London : Hurt Pbowhi, 
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QBEEK {cmtmued\ 

The New Testament in Greek and Englieli. Edited by 

E. Casdwill, D.D. 3 ToU. 1837. Crown 8to. 6*. 
Diatessaron ; eiye Hietoris Jesn Christi ex ipsis Evan- 

^«li>tMtuu TerbU apt« dispodtii oonfeotR. Ed. J. Weiti. 3*. Sd. 

: The Parallel New Testament, Greek and English ; 

being tlie Antborued Venion, 1611; the Beviied Yerdon, iSSi ; and 
tlia 6r«ek Text followed in the Jtevised Vgnioiu Svo. iii. 6A. 



Outlines of Textual CriticiEm applied to the New 

Teitament. By C. E. EAmionD, M.A. Eitc* fiaq>. 8to. 3*. M. 

A Greek Testament Primer. An Easy Grammar and 

Reading Book for the nae of Stndenta beginning Greek. By &. Millkb, 
M.A. Extn feap. gro. 31. di. 

— — CanoD Mnratorianus : the earliest Catalogue of the Books 
of the New TetUment. Edited with Notei and a FacHimile of the 
HS. in the Ambroaian LItnary at Milan, by 3. P. Tbeosllbb, LL.D. 
iSfir- 4to. io«. 6<f. 

HSBBEW, «to. Not«B on the Hebrew Text of the Book of 
Q«neeiB. By G. J. Sposbbli., M.A. Crown 8™. 10*. fiif. 

The Psalms in Hebrew without points. Stiff covers, 2s. 

--■■ ■ A Commentary on the Book of Proverbs. Attributed 
to Abbah&k Ibh Ezra. Edited from a MS. in the Bodleian Libraiy 
by S. K, Dbitxb, D.D. Crown Svo. paper eoven, }<. 6i. 

The Book of Tobit. A Chaldee Text, from a unique MS. 

in the Bodleian Library ; with oilier Rabbinical Teite, English Traiulatiooe, 
and the Itala. Edited by Ad. KEDB*.niB, M.A. Crown Svo. di. 

Hebrew Accentuation of Psalms, Proverbs, and Job. 

By Wn-LIAM WicKM, D.D. 8to. s». 

Hebrew Prose Accentuation. By the same. 8vo. io«, 6d. 

Home Hebraicae et Talmudicae, a J. Lightfoot. A new 

Edition, by R. Gahdbll, M.Au 410I8. 1859. Sto. iI. \*. 

IiATIlT. Libri Fsalmomm Versio antiqua Latins, cum Para- 
phraai Anglo-Saionica. Edidit B. Thobfb, F.A.3. 1S35. Sto. xem.M. 

Nouum Testameutum Domini Noatri lesu Christi Latiue, 

•eoDndnm Editionem Sancti Eiaronymi. Ad Codicum Manuecriptorom 
fidem reoengnit XoHANirEB WobdhWobth, 8.T.P., Epiacopoa Sariebnriensia \ 
in operis Bocietatem adaumto Eehbioo luLitxo Whits, A.U. PartU 
Priorit Fhtcimilae Primtu. EuangeUwn Setrandaia Mattheam. Quarto, 
Paper ooven, lat.dd. 

Old-Latin Biblical texts: No. L The Gospel ac- 
cording to St. Ifatthew, from the St. Germain MS. ^,). Edited with 
Intioduotion and Appeudioei by Joan Wobdbwobth, D.D. Small 4(0., 
•tiff coven, 6(. 

Oxford: ClarDiidoD Fnw. 
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IiATIlT {eontvtued). 

Old-Latin Biblical Texts : No. II. Portions of the 

Goq>di MXDTding to St. Mark and St. Matthew, from the BobUo US. 
(k), &a Edited by Jobs Wobdbworth, D.D„ W. Sufdat, M.i., D.D., 
uid H. J. Whitb, M.A. Small 4I0., stiff ooren, 91*. 

OU-LatiD Biblical Texts : No. III. The Four GoBpele, 

from the Munich MS. (q), now niimb«red IM. 6114 in the K<^>1 
labmry >t Hnnioh. WiUi m Fragment from St. John in the Hof- 
Bibliothek at Vienna (Cod. Lat. 501^. Edited, with the aid of 
Tiaehendorrn tnuKiript (nnder the direction of the Biihop of Saliabotj), 
b; H. J. Wain, M.A. Small 4to. stiff oovere, lit. 64. 

OIiD-FXtEirOH. Ijibri Fsalmoram Versio aatiqua Qallica e 
Cod. mi. in Bibl. Bodleiana adMrrato, una cnm Tenione Metrioa aliil- 
que Monmnentii pervetnitii. Nuno primmn deacripsit et edidit 
Fbahoibodb Miohbl, Phil. Doc. i860. 8to. km. 6d. 



B. FATHERS OF THE CHURCH, ETC. 

St. Atbanasiiui : Orations against the Arians. With 'an 

Aooonnt of hi* Life by WnxiUC BBiOHf , D.D. Crown 8vo. 9*. 
■ ' Historical Writings, according to the Senediotine 

Telt. With an Introdoction by W. BsIght, D.D, Crown 8to. lo*. W. 
St. Aognatiiie : Select Anti-Pelagian Treatises, and the Acts 

c^ the Second Conncil of Orange. With an Introduction by Williak 

BaiciHT, D.D. Crown Sto. ^. 

BamaboB, The Editio Princeps of the Epistle of, by Arch- 
bishop IJiaher, as printed at Oxford, a.d, 1643, and pieserred In an 
imperfect form in the Bodleian IJbrary. With a Dissertation on the 
literary History of that Edition, by J. H. Baosbodsi, MjL Small 4to. 
ii.6d. 

Canons of tlie First Four Oeneral OonnoiXs of Nicaea, Con- 
stantinople, EphesDS, and Chaloedon. Crown Svo. it. 6d. 

ZTotflB on tiLe abore. By Williah Briaht, D.D. 

Crown Bto. 5». 6rf. 

Catenae Graecorom Fatrnm in Novum TestamentDm. 
Edidit J. A. Cbahbk, S.T.P. Tomi VHI. Sro. al. 4*. 

dementis Alexandrini Opera, ex recensione Gull. Dindorlii. 
Tomi IV. 8»o. 3/. 

CTiilli Archiepiscopi Alexandrini in XII Prophetas. Edidit 

p. E. PcaxT, A.M. Tomi IL Sto. 3i. at. 

in D. Joannis Evanerelium. Accedunt Pragmenta Varia 

necnon Tractatns ad Tlbenom Diaoonnm Duo. Edidit poet Aubertam 
P. E. Pusjtr, A.M. Tend IIL 8vq. il. 5*. 

LondoD : Bihbt Fbowdi, Anun Comn. E.C. 
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CTrilli Commentarii ia Luoae Evangelium quae snpersiuit 
Svriaoe. E Mss. npud Mui. BiiUn. edidit B. PAm Sums, A.U. ^to. 

: Translated by R. Paynb Smith, M.A. 2 voIb. 8to. 

14*. 
Bowling (J. G.). Notitia Soriptonim SS. Patram aliornmqne 

vet. Eoolei. Uon. quae in ColleoUoiubiu Aneodotonun poat »"mnn Chiuti 

KDOC in Inovin editU continentnt. Sto. 4*. 6d. 

Bphraami Syri, Babalae Epiecopi Edesseni, Balaei, alioromqne 
Open Selects. E Codd. Sjrrincia mw. in MuBeo Bribtimioo et Bibliotlieok 
BodleJMut UBervatia primiis edidit J. J. OVHBIOK. 8to. ll. It. 

Eosebil Famphili Evan^licae Fraeparationis Ltbri XV. Ad 

Codd. ma*, reoenimt T. Gaibmbd, S.T.P. Tomi lY. Svo. il. 10*. 
Evangelicae Demonetrationis Libri X. Recensuit T. 

Gaihtobd, S-TJ*. Tomi IL Sto. 151. 

contra Hierodem et Marcellum Libri. Recenanit T. 

. Gaistord, S.T.P. 8to. 7*. 
BaMbiiu' Ecclesiaatical History, according to the text of 

Boston, with ui Introdoetion b; W. Bbisbt, D.D. Crown Svo. 8: 6d. 

■ Annotationes Variorum. Tomi II. Svo. !"/». 

Eragrii Historia Ecclesiaetica, ex recensione H. Valesu, 

1844. Sto. 4*. 
IrenaeoB : The Third Book of St. Irenaeus, Bishop of Lyons, 

•gkinit Hereaiei. Witli Bbort Notea and k'GlosB&ry by H. Dbank, B.D. 

Crown 8va 5». 6d. 
Oiigenis Fhilosophumena ; sire omnium Haeresium Refutatio. 

£ Codioe Ptuiiino nana primiim edidit EuuKUBL MiLLBB. 1851. Sto. 

Fotmm ApoBti^oomm, 8. Clementis Romani, S. Ignatii, 
S. P(^c(upi, qnae lupersunt. Edidit Qdil. Jmnbson, S.T.P.B. Tomi 

II. Fourth Bditio*. Svo. ll. I*. 

Beliqniae Saorae secundi tertiique saeculi. Recensoit M. J. 

South, S.T.P. Tomi V. Second EdUion. 8to. iJ. g*. 
Soriptorom Eoolesiaatioonmi Oposonla. Recensuit M. J. 

BoDTB, S.T.P. Tomi II. Third Edition. Svo. lo*. 

Sooratis Scholastici Historia Eccleeiastica. Gr, etLat. Edidit 
B. HuMBT, S.T.B. Tomi III. 1853- Svo. is». 

Socrates' Ecclesiastical History, according to the Text of 
Hdbskt, witb ui Introduotion b; Williak Bbiqht, D.D. Crown Svo. 
•j».6d. 

QKtorA: ClusndoD Prw. 
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Soscmieni Hietoria Eccleeiaatica. Edidit R. Hussey, S.T.B. 

TomillL iS6a. Sto. igi. 
TflTtuUiani Apologeticas adversus Geotes pro ChriBtianis. 

£dit«d, with Introduction and Notes, b; T. Hibbbbt Bihdlit, M.A. 

Crown 8vo. Gi, 

Theodoreti Ecclesiasticae Historiae Libri V. Becensuit 

T. OmsFOBD, S.T.F. 1S54. Sto. T.6d. 

■ Graecarnm AffectioHum Curatio. Ad Codices raBS, re- 

oeniuitT. GAiaroxD, &T.P. 1839. Sto. 7a. M. 

C. ECCLESIASTICAL HISTORY, ETC. 

Baedae Historia Ecclesiastica. Edited, with EogHsb Notes, 

bj G. H. MOBEBLY, M.A. Crown 8ro. jot. 6i. 
Biffi. The Christian Platoniats of Alexandria ; being the 

BamptoD Lectures for 1S86. B7 Cbablbs Bioa, DJ>. Sto. loa. 6d. 
Bingham's AntiqQitiea of the Christian Chorch, and other 

Worts. 10 toIb. 8to. il. 3*. 
Bright. Chapters of Early English Church History. By 

W. BBiaav, D.D. Seayad EdUion. Svo. 11*. 
Bamet's Histoiy of the Reformation of the Church of England. 

A »ae SdiHou. Carefolly reTJsed, and the Keoordt (xdlatcd with the 

onginalg, bj N. Fododk, M.A. 7 vole. Svo. il. 10*. 
Oardwell'B Documentary Annals of the B«formed Chnrch of 

England ; being a Collection of Injanotions, Declarations, Orders, Artioles 
of Inquiry, &o. from 1546 to 1716. 3 vols. 8va. l8«. 
Coanoils and Eooleaiafltioal DooomentB relating to Great 

Britain and Ireland. Edited, after Spelhan and W1LEIK8, bj A. W, 

Hasdah, B.D., and W. Siubbs, D.H. Vols. I and III. Uediom 

8to. each il. it. 

Vol. n. Part L Uediom Svo. lot. 60. 

Vol. n, Part II. Chnrol* of IrsUnd; Memorials of St. Patrick. 
Stiff ooTers, 3*. M. 
Fonnnlaries of Faith set forth by the King's authority during 

the Beign of Heniy VUE. 8to. •}: 
Fuller's Church History of Britun. Edited by J. S. B&ewbk, 

M_A. 6 Tols. 8vo. il. 19*. 
Gibson's Synodus Anglicana. Edited by E. Cakdwbll, D.D. 

Sto. 6*. 
Hamilton's (Archbishop JohD) Catechism, 1552. Edited, with 

Introductjon and GIomhut, bj TnoitAa Gratu Law, Librarian of the 

Signet Llbtary, Edinburgh. With a Prelaoe by the Bi^ Hon. W. E. 

GLADBTon. Detny Sto. lat. fid. 

LondoD : HnntT Faowpa, Aaun CoriMi, E-U 
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HoMey. Rise of the Papal Power, traced in three Leotares. 

B7 BoBUT HcasBi, B.D. Semmd Edition. Fop. Svo. ^i. 6d. 
Inett's Origines Anglicanae (in continuatioa of Stillingfleet). 

Edited b; J. Qaimraa, MA. 3 voli. Sro. 151. 
Jcdin, Bishop of EpIiesDs. Tlio Third Part of hia Hccleaiae- 

tiol Uutai7. [la Syriws.] Now flnt cdiM by Wiujah Ccfbetov, 

H.A. 4to. il. lit. 

The Bame, translated by R. Paths SuiTH,M.A. 8vo. io«, 

Le Heve'a Fasti Ecclesiae Anglicanae. Corrected and con- 
tinQed&om 1715 to iSsjbjT. DvrrnBHABDT. 3T0I1. 8to. iZ. \: 

Hoelll (A.) Catechismoe aive prima institntio disciplinaqne 

Fietatii Chriatiaiuui Lktine co^ilkkta. Editio nor* our* GnQ.. Jaoobbox, 
A.M. Svo. jr. 6d. 

Frideaax'8 Connection of Sacred and Profane History. 2 vole. 

Frimers put forth in the Beign of Henry VIII. Svo. 5*. 
Becorda of the Reformation. The Divorce, 1527-1533. 

Moatly DOW for tb* flnt tJme printed from USS. !□ the Britiiili Mdmoih 

and other LibruiM. OoUeotoduid ur&ikged by N. Pocooe, M.A. 3 Tole. 

Svo. il. i6<. 
Beformatio Legum Eccleaiaaticarum. The Seformation of 

Booleuaittoil Lawi, M attsmpted in the leigni of Henrj VIII, Edward 

VI, and Elixabeth. Edited by E. Cakdwbu,, D.D. 8to. 6». 6ii. 
Sbirley. Some Account of the Church in the Apostolic Age. 

B; W. W. Shibut, D.D. Saoond EdiU«1^. Ecap. 8to. 3#. 6d. 
Shaokford'B Sacred and Profane History connected (in con- 
tinuation of Prideanx). 3 vols. Sto. 10*. 
StilliQgfleet'B Origines Britannicae, with Lloyd's Historical 

Aooonnt ofChnrohGoTemment. Edited by T. P. Pufiw, M.A. » sola. 

870. IM. 
Stabbs. Registnim Sacrum Anglicanum, An attempt to 

ezUbIt the eoone of EpiuMpal Soooeulon in England. By W. Svdbbb, 

D.D. SmaU 4to. S(. M. 
fitrype's Memorials of Cranmer. 2 vols. Svo. 118. 
Life of Aylmer. Svo. 5a. 6J. 
Life of Whltgift. 3 volfl. 8to. i6t. 6d. 
Qeneral Index. 2 vols, Svo. lit. 
Syllt^e Confbssioniun sub tempus Befonnandae Ecclesiae edi- 

tanun. Sabjidantnr Cateohiamni Heidelbergsti^ et Canones Syuodi 

Dordrechtanae. 8ro. 8*. 

OiSuii: Oiuaiulaa Pna. 



Digitized ByGOOgle 



D. LITURGIOLOGY. 

Csrdwell'B Two Books of Common Prayer, set forth by 
aathoiit; in the Betgn of King Bdward YI, oompu'ed with «Mh other. 
TUrdJidUion. 8to. Jt. 

History of Conferences on the Book of Common Prnyer 

from IJSI to 1690. TAtrrf Edition. 8vo. Jt. 6d, 

Hammond. Liturgies, Eastern and Western. Edited, with 
IntT<Miactioa, Notei, and a Utnigical Gloiaary, b; C E, Hamuohd, M.A. 
Crown Sto. t<M. M, 

An Appendix to the above, orown Sva p^Mr ooTen, 1*. 6d. 

Zisofrlo Hiasal, The, as used in the Cathedral of Exeter during 
the Gpieoopate of it> Ant Bishop, aj>. )a50'io7i ; togeth^ with mioe 
Aoooont of the Bed Book cJ Deibj, the Hinal of Robert of Jumi^;ea, 
and a few other eail; MS. Serrioe Booki of the Bnglish Church. 
Edited, with InbTMlnetion and Notai, bj T. E. ViaaMB, B.D., F.aA. 
4(0. half moroooo, ll. 15*. 

XoBkell. Ancient Litargy of the Church of England, according 

to the OMa of Saram, Tork, Hereford, and Ban^w, and the Romui Idtnrgy 
arranged in parallel oolnnuu, with preface and notee. S7 W. Mabkell, 
M.A. Third Bditiim. 8to. 15*. 

Monnmenta Ritualia Ecclesiae Anglicanae. The occa- 

donal Offioee of the Chnrdi of England according to the old me of 
Sallibnry, the frjmtr in B"gli.h, and other prajen »nd focmt, wi^ 
diuertadom and notes. Bteaid Ediii(M. 3 ti^. Sto. »l, loj. 



E. ENGLISH THEOLOQY. 
BoTsrldge's DiscourBe upon the sxxis Articles. Svo. St. 
Bisooe's Boyle Lectures on the Acts of the Apostles. 8to. gi. 6d. 

Bradley. Lectures on tiie Book of Job. By Gbobse 
Gbajitille Bbadlbt, D,D., Dean of WestniiiiiteT. Crown Sto. 7*. 6d, 

Bradley. Lectures on Eoclesiastes. By O. O. BBAnLET, D.D., 
D«Mi of WertminMer. Crown Sto. 4>. dd. 

Bull's Works, with Neuon's Life. Edited by E, Bdbtoh, 
D.D. 8 Toli. Sto. 2I. 9*. 
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Bnmet's Exposition of the xxxiz Aitioles. 8vo. 7*. 

Bmto&'s (Edward) TeBtimonies of the Ante-Nioene Fathers 
to(lieI>iTim(yof OhiUt. 1819. Sto. 7«. 

■ ■■ ■ Testimonies of the Ante-Nioene Fathera to the Doctrine 

of the Trinity »nd of the Divinity of tbo Holy Qluwt. 1831. Sro. 3a. 6d. 

Butler's Works. 2 vols. 8to. ii«. 

Sermons. 5*. ^d. Analogy of Religion. 5*. 6rf. 

Chandler'B Critical History of the Life of David. 8vo. 8*. 6i, 
OhillmgworUi's Works. 3 vols. 8vo. i^. K. 6d. 
Clergyman's Iiutniotor. Svxik Edition. Svo. 6g, 64. 

Comber's Companion to the Temple ; or a Help to Devotion 

in the qee of the Common Frajer. 7 roll. 8to. il.iu.6d. 

Cranmer's Works. Collected and arranged by H. Jenktns, 
M.A.. Fellow of Oriel College. 4 vol.. 8vo. il. lot. 

Enobiridicm Tlieologioom Anti-Homnnnm. 

VoL I. JuKNT Taylor's DiisaMive from Popery, and TreatiM on 
the Real Freienoe. 8to. St. "■ 



{Fell's] Paraphrase, etc. on the Epistles of St. Paul. 8vo. 7*. 

Oreswell's Harmonia Evangeliea. fifti Edition. Svo, ga. 6d. 

Prolegomena ad Harmoniam Evangelicam. Svo. 9*. 6d. 

' Dissertations on the Principles and Arrangement of a 

Harmonj of the Goapeli. 5 voli. Svo. jJ. }(. 

HaU's Works. Edited by P. WyNTEB, D.D. 10 vols. Svo. 3^. 3*. 

Hammond's Paraphrase on the Book of Psalms, a vols. Svo. iot. 

Paraphrase etc. on the New Testament. 4 vols. 8vo. il, 

"BsmxtiaY. Harmonia Symb(dica : Creeds of the Western 
Chnnih. By C. HmsTLBT, D.D. ivo.6t.6d. 

Homilies appointed to be read in Churches. Edited by J. 
GainiiHH, M.A. 8vo. 71. 6d. 
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HOOEEB'S WOBE8, with his Life by Walton, arranged by 
JoHH KiBU, M.A. SmMtM £U*tio». ReTiMdbyB.W.CavBOB.M.A., 
Dean of St. Paul's, uid F. Faobt, D.D. 3 vda. medimn Sto. 1 1. 16>. 

the Text as arranged by J. Kbbui, M.A, a vols. 8vo. 1 1#. 

Hooper's Works. 2 vols. 8to. 8«. 

Jaol£a<m's (Dr. Thomas) Works. la vols. 8vo. 3^, 6*. 

Jewel's Works. Editedby R.W.Jblp,D.D. 8 vols. Svci^-io*. 

Hartineaii. A Study of Religion : its Sources and Contents, 
Bj Jakes Mabtinxad, D.D. Bscond EdiiUrn. a voli. crown Svo. 15*. 

Fatriok'a Theological Worfea. 9 vols. 8vo. \l. is, 

Pearson's Exposition of the Creed. Revised and corrected by 

S. Bdrtoh, D.D. Sixth Edition. Sto. km. 6d. 
Minor Theological Worts. Edited with a Memoir, by 

Edwabd Chubton, M.A. 3 voU. Svo. lot. 

Sanderstm's Works. Edited by W. Jacobson, D.D. 6 vols. 
Svo. ll. 101. 

Stanhope's Paraphrase and Comment upon the Epistles and 

Gofpela. A ntv BdOitxt. 3 vols. Sto. i<m. 
StiUingfleet'a Origines Sacrae, 3 vols. Svo. 9«. 
Rational Account of the Grounds of Protestant Religion ; 

being » Tindicktion of Abohbishof Ladh'b BeUtion of a Conference, Ae. 

a Toll. Sto. icm. 

WaU's History of Infant Baptism. A New Edition, by 
Hbnbt Cotton, D.C.L. a toIs. STa if. it. 

Waterland's Works, with Life, by Bp. Van Mildekt. A 
Hem Sdititm, ■witii eopioat Jadtaxa, 6 Tola. 8to- ll. lit. 

Review of the Doctrine of the Eucharist, with a Preface 

b; Uie late Bialu^ of London. Crown Sto. 6(, 6d. 

Wheatly'B Illustration of the Book of Common Prayer. 8vo. $». 

WyoUf. A Catalogue of the Original Works of John Wyclif. 
By W. W, SmBLBT, D.D. Sto. jt. 6d. 

Select English Works. By T. Arnold, M.A. 3 vols. 

Sto. It It. 
Trialogus. With the Sopplement now first edited. By 

GoTiBABO Lmbues. Sto. 71. 

Loadiffi : HciniT Faovm, Aaw €oam, B.C. 
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III. POLITICAL SCIENCE, 

A. HISTORY, BIOGRAPHY, CHRONOLOGY, ETC. 

Baker's Chronicle. Chronicon Galfridi le Baker de Swyne- 
broke. Edited with Note* tj Edward Uadhde Thohpboh, Hon. LL.D. 
St.ADdrewi; Hon. DlC.L. Dnrhun ; P.B.A.; Frindpkl LibririoD of the 
Britiah Miuenm. Small 4to., itiff ooTcn, iS*., doth, gilt top, ill. 

BluntsoUi. The Theory of the State. By J. K. Blcstsohli. 
Trftnilftted from the Sixth Gennao Edition. Svo. half boimd, I ». 6d, 

BoBwell'aLifeofSuDaelJohnaoii, LL.D.; including Boswbll's 

Jonmkl of a Tour to th» Hebridei^ and JoHNBoii'fi Diary of a Journey 
into Nortb Wales. Edited by O. Bibebboe Hill, D.C.L. In six Tolninea, 
medinm Svo. With Fortraiti and Faonmilei. Half bound, 3I. 31. 

Bomet's HiBtoiy of His Own Time, with the sappreseed Pas- 
sagee ud Notes. 6 toIb. Sto. ii. iw. 

History of James II, with Additional Notes. Svo. 

Life of Sir M. Hale, and Fell'a Life of Dr. Hammond. 

Small 8to. it. 6d. 

Calendar of the Clarendoo State Fapen, preserved in the 
Bodleian Ubiary. In three Tolnmee. 1S69-76. 
VoL I. From 1513 to Jiuiutuy 1649. Svo. i8«. 
YoL II. From 1649 to 1654. Svo. i6«. 
Yol. III. From 1655 to 1657. Svo 14*. 

Calendar of Charters and Bolls preserved in the Bodleian 
Library. 8™. it ii». 6d. 

Carte's Life of James Duke of Ormond. Anew Edition, care- 
fully Dompared with the original MSB. 6 toIs. 8to. it. 51. 

Casanboni Ephemerides, cum praefatione et notis J. Rdssell, 
S.T.P. Tomj II. 8vo. 15*. 

CIiASEU'DOIT'S History of the Rebellion and Civil Ware in 
England. He-edited from a trmii oollation of the original MS. in the 
Bodleian. Librai^, with marginal datea and oocaeional note*, by W. DcHH 
Maorat, M.A., F.S.A. 6 toIb. Crown Svo. it s«. 

History of the Rebellion and Civil Wars in England. 

To which are subjoined tbe Notes of BiSHOP Wasbubtoh. 1849. 7 vols, 
medium Sto. il. 10*. 

History of the Rebelhon and Civil Wars in England. 

Also his Idfe, written by himself In which is indnded a Continuation 
ofhisHistoiy of the Grand Rebellion. Royal Svo. ll. it. 

OiKnd : Claiandoii Pnn. 
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ClarendoiL'fl laife, including a ContiDuatioQ of his Hietory. 

» toIj. 1S57. medintn Svo. il. W. 

Clinton's Fasti Hellenici. The Civil and Literary Chronology 

of Qreece, from the LTIth to the CXXIUrd OlpnpUd. Tliird Edition. 

4to. if. 14*. 6d. 
Clinton's Paati Hellenici. The Civil nnd Literary Chronology 

of Qt«eoe, &om the CXXIVth 01;mpiMl to th« Death of Aogiutui. 

Becoad EdiHan. ^to. iL 1 2$. 

Epitome of the Faeti Hellenici, Svo. 6g. 6d. 

Fasti Bomani. The Civil and Literary Chronology of 

Bome uid Comtantinople, from the Death of Angaitm to the Death of 

Henclina. 2 vol*. 4to. il, it. 

■ Epitome of the Fasti Bomani. 8to. yt. 

I of Asia 

Description of Ancient Greece. 3 vols. Svo. t6*. 6d, 

Earle. Handbook to the Land-Charters, and other Sazonic 
Docnmenti. B7 Jobh Babue, M.A., Frofauor of Anglo-Saxon in the 
Uniyoriity of Oxtord. Crown 8to. ltf». 

Finlay. A History of Greece from its Conquest by the 
Romans to the pretent time, b.o. 146 to a.D. 1864. B; Giorgb FuiUkl, 
IX.D. A new Edition, revised throngboat, and in pui ra-writtea, with 
oonaiderable addition), b; the Author, and edited by H. F. TozsB, MA. 
7 Tidi. Svo. 3I. loi. 

Fortasooe. The Governance of England : otherwise called 

The Difference between an Absolute and a Limited Monarchj. By Sir 
John FoaTzBcni, Kt. A Bevind Text. Edited, with Introduction, 
Notes, etc, by Chablis Flchmbb, M.A. Svo. half boimd, itr. 6d. 

Freeman. History of the Norman Conqnest of England ; its 

Cansea and RemiltB. B; £. A. Fbeuub, D.C.L. In Six Voliunes. Svo. 

$1. 9*. 6d. 
— The Reign of William S.nfns and the Accession of Henry 

tha Finst. 3 vols. Svo. il. 161. 
A Short History of the Norman Conquest of England. 

Seeond Edition. Extra (bap. Svo. 21. 6d. 
Oardiner. The CouBtitutional Documents of the Puritan 

Bevolution. 1638-1660. Selected and Edited by Samuu. Bawsob' 

Gabiiihbb, M.A Grown Svo. 91. 
Gasooigne'B Theological Dictionary (" Liber Veritaturo ") ; 

Selected Passagea, illustrating tbe Condition of Church and State, 1403- 

1458. With an latrodacticn by jAUa B. Thobold Bdoibs, M.A. 

Small 4to. 10*. 6<i. 

LoDdun : Hncsv Vaowna, AnHn Oonwir, E.C. 
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G«oi%e. Genealt^cal 'Kibles illnetntlTe of Modem History. 
B7 H. B. QioiaB, M^. TinrdEHtion. Snull 4(10. u*. 

QreenwelL British Barrows, a Record of the Examination of 
Sepulchral MoiiiidB in Torioai p&rU of England. By W. ORlBirwiLl, 
M.A., F^A. Together with DeMription of Figum of Skolla, Oenenl 
BenuiTkB on PrebiBtoric Cruiift, and an Appendix by Georoi Bollistox, 
M.D., F.B.S. Medium 8to. 15*. 

Oreswell's Faati Temporis Catholici. 4 vols. 8vo. %l. io«. 

Tables to Faati, 4to,, and Introduction to Tables, 8vo, i5». 

Origines Kalendarise Italicse. 4 vols. 8to. ^l. M. 

Origines Kalendariee Hellenics, 6 rols. 8to. 4/. 4*. 

OroBs. The Gild Merchant: a Contribotion to English 
Hnnicipal Hiatorf . ByCsAltLEsOBoaB, Ph.D. 1 tcJi. 8to. AeaWy f-eiNl)l. 

Hodgkia. Italy and her Invaders. With Plates and Maps. 

ByTHOHAB HoDGKiH, D.CL. Vols. I-IV, 4.D. 376-SS3- 8vo. jl. 8». 
The Dynasty of Theodosius ; or, Seventy Years' Struggle 

with the BorbaiiBiifi. B; the BUne Aathor. Crown Sro. 6*. 

Home. Letters of David Hume to William Strahan. Edited 
with Nolei, Index, etc., by G. Bimbbck Hill, D.C.L. 8to. lis. M. 

Jaokaon. Dalmatia, the Quaraero, and Istria ; with Cettigne 
in Montenegro and the Island of Grado. By T. O. Jaoksoh, M.A. 
3 Tola, Witti many Plate* and Ulnttrationa. 8to. half-bound, al. ». 

Eitohin. A History of France. With numerous Maps, 
Flam, and Tables. By O. W. Eitohir, D.D. In three Tolmnra. 
Second E^Hon. Crown Bra each lo*. M, 

Vol. I. to 1453. Vol. n. 1453-1634. Vol. in. 16J4-1793. 
Knight's Life of Dean Colet. 1823. 8vo. ^». 6d. 
Iinoas. Introduction to a Historical Geography of the British 

Coloniea. By G. P. Ldoab, B. A. With Ei^t Hapg. Crown Sto. 4^. 61I. 
■ Historical Geography of the Colonies. Vol. I. By the 

■atoe Author. With Eleven Map*. Crown Sto. 5*. 
Lloyd's Prices of Com in Oxford, 1583-1830. 8vo. i». 

Iitittrell'a (Narciasas) Diary. A Brief Historical Relation of 

State Affain, ]i678-i7i4. 6 vol*. Sto. it. 4«. 
BKagna Carta, a careful Reprint. Edited by W. Stcbbs, D.D., 

Lord Bishop of Oxford. 4(0. «titohed, i: 
Uetoalfb. Passio et Miracula Beati Olaui. Edited from a 

Twelfth-Century MS. by F. MnoALFl, M.A. 8mall 4to. 6t. 

Oxfoid: OUmKUai PnM. 
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OXFOBD, tTniveraity o£ 

Oxfbrd University Calendar for the Year 1890. Crown 

Svo. 6a. 

Tlie Historical Besister of tlie University of Oxford. 
Being ■ Sapplement to the Oi ' '"" ■. -n . . ... ._ .!_■>._ 

betiod BeoOTd of UniTowity H. 

endof IVinityTerm, 18S8. Crown Sto. 51. 

Stadent's Handbook to the ITnivendty and Colleges 

of Oxford. Tenth Editio». Bevined toDecember 1S88. Crown Sto. M.M. 

The Examination Statutes ; together with the present 

Begol^tions of tlie Boorda of Studies and Boards of Facnltiea relating 
thereto. Revised to the end of Trinity Term, 1889. Sto., paper covera, ii. 
Statnta ITniverflitatis OxoniensiB. 1889. Sto. s'- 
Statnt«B made for the ITniversitr of Oxford, and the 

Collegea therein, by the Uniffereit; of Oxford CcHDmiieionerB. Sto. iir.6d. 

Alio leparaiely — UniTcrsity Statutaa it.; College Statutes ii. eacb. 

Supplementary Statateo made by the University of 

O^ord, and by certain of the Colleges therein, in pursuance of tbe Uni- 
Tondtiea of Oxford afiA Cambridge Act, 1877; approved by the Queen in 
Council. Sto. Paper coTers, ai. 6d. 

Statutes of the University of Oxford, codified in the 

year 1636 nnder the Anthority of Akchhishop Laud, Chiincellor of the 
University. Edited by the late JoHM Grippiths, D.i). With an Intro- 
duction on the History of the Laudian Code by C. L. SbaDwXLL, M.A., 
B.C.I.. 4to. ll. II. 

Enactments in Parliament, specially concerning the 
TJniversities of Oxford and Csmliridge. Collected and arranged by 
J. Gbipfiths, D.D. 1S69. 8to. ii«. 

Catalogue of Oxford Graduates from 1659 to 1850. 

Sto. 7». W. 

Index to Wills proved in the Court of the Chancellor of 
the UniTeTBity of Oifind, Ac Compiled tiy J. Gbiffuhh, D.D. Boyal 
8to. ja. 6d. 

Uanusoript Uaterials relating to the History of Oxford ; 
oontained in the Printed Catalognea of the Bodleian and College 
Libraries. By F. Madah, U.A. Sto. 7«. 6d. 
FatUson. EssayB by the late Mark Fattisoh, sometime 
Beotor of Linooln College. Collected and arranged by Hbhbt NiiTLm- 
HHIP, H.A. 3 vols. 8to. i4«. 
Banke. A History of England, principally in tbe Seven- 
teenth Century. By L. ton Rahek. Translated under the saperin- 
tendence of 6. W. Kttchih, D.D., and C. W. Boabi, M.A. 6 vols. 
Sto. zl. 3»- 
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Bawliiu<m. A Manual of Ancient Hietory. By Geoooe 
Bawlinbon, H^. Stoond Editiom. Dsmy 8to. 141. 

Bioardo. Letters of David Ricftrdo to T. R. Malthas 
(iSio-1813). Edited bj Janis Bovu, lAJi.. 8va. km. 6d. 

Bogera. History of Agriculture and Prices io England, a.d. 

IIJ9-I793. By JAMIS E. l^BOLD ROGBBB, M^ 

Vols. I and II (1259-14D0). 870. 3I. 3*. 
Vols, in and IV {1401-1582). 8to. H. loa. 
Vols. V and 71(1583-1702). 8vo. alios. 
- First Nine Years of the Bank of England. Sto. 8«. 6d, 

Protests of the Lords, inclading those which have been 

axpimged, from 1614 to 1S74; with Hiitorical Introductioni. In three 
Ttdnmea. Svo. if. i>. 
Bprigg'B England's Recovery ; being the History of the Army 

nudn Sir llioDiu FairCu. Sto. p*. 
Stubtxi. Select Charters and other Illastrations of English 
OotwtitDtioDklHlnDi7,(rom th*E*rli«*tTimea to tha BeignofEdwardl. 
Amnged&Bdeditedt^W.STUBBSiD.D., Lord Buhop of Oxford. Fifth 
SMiow. Crown Sto. U. 6d. 
' The Constitutional History of England, in its Origin 

•nd DeTeloptnent. LUrary Sdition. 3 lolt. Demj Sto. il. St. 

AJbo in 3 vols, crown Svo. price I2». each. 
Seventeen Lectures on the Study of Medieval and 

Uodern History, delivered at Oxford 1867-1884. CrowD Sto. Si. 6d. 

Wellesley. A Selection from the Despatches, Treaties, and 

otter F»perB of the M&BQCIsa WiLlseui, K.G., during his GoTenunent 

of Indift. Edited by S. J. Owih, M:.A. Sto. i^. 4>. 
WeUington. A Selection from the Despatches, Treaties, and 

other P»peni relating to India of Field- Marshal the Dukb op Wblliso- 

TOH, E.G. Edited by S. J. Owin, H.A. Sto. ll. 41. 
Vhitelook'8 Memorials of English Affairs from 162510 1660. 

4 Tola. 8to. i{. 10*. 

B. ENGLISH AND ROMAN LAW. , 

Anaon. Principles of the English Law of Contract, and of 
Agenoy in it> Relation to Contntct. By 81B W. R. Absoh, D.CX. 
F^h Ediiiim. Sto. io». 6d. 

Law and Custom of the Constitution. Part I. Parlia- 
ment, Sto. 10*. 6d. 

Bentbam. An Introduction to the Principles of Morals and 
Legislation. By Jbbuci BehtHjU(. Crown Sto. 6t. 6d. 

Oxford : ClmndonPi—. 
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Digby. An Introduction to the History of the Law of Real 
Fiopert;. By Kihblm E. Digbt, M.A. ThWd Edition. Sto. lot. 6d. 

Gaii Institutionum Jaris Civilis Commentarii Quattuor; or, 
Elemeoti of Ronwn Iaw by GaiuH. Wilt » TrawUtion tuid Conunentatr 
b; EawAXD Posts, M.A. Second Edition. Sto. i8*. 

QentiliB, Alberici, I.C.D., I.C., De lure Belli Libri Tres. 
Edidit T. E. Holland, I.C.D. Small 4to. half morocco, in. 



Holland. Elements of Jurisprudence. By T. E. Holland, 
D.C.L. Fourii Edition. 8vo. ic». 6d. 

■ The European Concert in the EsBtem Question, a Col- 
lection of Treatiei and other Public Acts. Edited, vith Introdactioti* 
and Notes, by T. E. Hollans, D.C.L. 8vo. I3t. 6d. 

Jnstiman. ImperatoriB lustiniani Institutionum Libri Quat- 
tOor; with Introductions, Commentary, Eicutbqi and Translation. By 
J, B. MoTLK, B.C.L., M.A. 3 vdg. 8to. ai*. 

The Institutes of Justinian, edited as a recension of 

the Inititates of Oaicb, by T. B. HOLLAND, D.C.L. Btvond Edition. 
Extra fcap. Sto. 5«. 

Select Titles from the Digest of Justinian. By T. E. 

Holland, D.C.L., and C. L. Seauwbu., B.C.L. Sto. 141. 
Abo gold In Parts, in paper covers, as fbllom ; — 
Part I. IntroductOTy Titlee. i«. <>d. 
Part n. Family Law. li. 
Part IIL Property Law. ai. 6d. . 

Part IV. Law of ObligaUoni (No. i). 3». 6d. 
Part IT. Law of ObligaUoni (No. 1). 41. 6d. 
■ Lex Aquilia, The Roman Law of Damage to Property : 

being a Conunentsry on the Title of the IMge«t ' Ad Legem Aquiliam ' 
Qx. 3). With an Introduction to the Study of tbe Corpus luria Civilie. 
, ByERwlHGBDEBiB^Dr. Jnr., M.A. Svo.IOt.6d. 

Harkby. Elements of Law considered with reference to 
Principles of General Jurisprudenoe. By Sir William Ma&kby, D.C.L. 
Third Edition. 6vo.l2$.6d. 

FoUook and Wright. An Essay on Possession in the Common 
Law. By Sir F. Pollock, M.A., and B. S. Wbioht, B.C.L. 8vo. St. 64. 

Baleigh. The English Law of Property. By Thos. Ralmqh, 
MA. In the Pratt. 

London : Hchbt Fbowhe, Amu Cinw, E.C. 
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Stokes. The Anglo-Indian Codes, By Whitley Stokes, 
LL.D. Yol. I. Substantive Lkw. Sto. jm. Vol. II. AdjeotiTe Law, 
8vo, 35«. 

Supplement to tbe above, 1887, j888. 3«. f>A. 

Twins. The Law of Nations considered aa Independent 

Foliticil CommuiiitJeB. B; Sm Tbatebs Twisa, D.C.L. 

Fart I. On the righta and Duties of Nations in time of 

Peace. New Edition, Beviaed and Enlarged. Svo. 1 5s, 
Part 11. On the Rights and Duties of Nations in time of 

War, Second Edition, Bevised. 8to. ai«. 

C. POLITICAL ECONOMY, ETC. 

Caiman. Elementary Political' Economy. By Edwin Cankan, 

M.A. Bitra fcap. Svo. stiff covers, l>. 
Baleigb. Elementary Politics. By T. Raleigh, M.A. 

Fifth Edition. Eitn fcap. Svo., stiff coven, i$., cloth, i«. 6d. 

Bogflia. A Manual of Political Economy, for the nse of 
Schools. B7 J. E. Thobold Boosbs, M.A. Third Edition. Extra frop. 
Svo. 4«. 6d. 

Smith's Wealth of Nations. A new Edition, with Notes, 
by J. E. Thobold Bogebs, tJL.K, t vols. Sto. ti$. 

IV. PHILOSOPHY, LOGIC, «5C. 

Bacon. Novnm Organum, Edited, with Introduction, Notes, 
&c., by T. FowLBB, D.D. Second Edition. Sto. 151, 

— Novum Organum. Edited, with English Notes, by 
G. W. KiTOHiM, D.D. 8vo. 9». 6d. 

Novum Organum, Translated by G. W. Kitchin, D.D. 

8vo. gt. 6d. 
Berkeley. The worts of Geobge BbrkeTjEy, D.D., formerly 

Bisbop of Clojne; including many of his writings hitherto unpabliahed. 

With PrelkeBB, Annotationg, and an Aooonnt of his Life and Philosophy, 

by Alezahdeb Caufbell f^ASSB, LL.D. 4 voli. Svo. al. iSt. 
The Life, Lellerg, &c., sejiaratel^, i6«. 
Selections. With Introduction and Notes, For the use 

of Students in the Univenitiee. By Albxahdbb Campbell Fbasbb, LL.D. 

Third Edition. Crown Svo. 7*. 6d. 

Bosanguet. Logic ; or, the Morphology of Knowledge. By 

B. BosANqnBT, M.A. Sto. at. 
Butler's Works, with Index to theAnalogy, a vols. Svo. ii«, 

Oifotd; CUroodon rrom. 
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Fowler. The Elements of Dedactive Logic, deeigiied mainly 

for tbe use of JamoT Stndenti in Iha UniverBitiea. Sj T. Fowleb, D.D. 

Ninth I!diiia», with a Collection of Eiamplei. E^fa fcap. Svo. 3«. 6d. 
The Elements of Inductive Logic, designed mainlyfor the 

Die oFStadents in the UniverBitiea. Fourii Edition. Extra fcap. Sto. 6t. 
The Principles of Morals (Introductory Chapters). By 

T. Fowleb, D.D., and J. M. Wilbon, B.D. 8to. boardg, 3*. 6tl. 
The Principles of Morale. Part II. By T. Fowlee, D.D. 

Sto. io«. 6d. 
Green. Prolegomena to Ethics. By T. H. Green, M.A, 

Edited bj A. C. Bbadlbt, M.A. Svo. ii«. 6d. 
HegeL The Logic of Hegel; translated from the Encyclo- 
paedia of the PhiloBopliio&l Sdencea. With Prolegomena b; William 

Wallici, M.A. Sto. 14*. 
Hume's Treatise of Human Nature. Beprinted from tbe 

Original Edition in Three Valomei, and Edited by L. A. Selb;-fii^e, 

MJA. Crown Svo. ge. 
Locke's Conduct of the Understanding. Edited by T. 

Fowleb, D.D, Beermd Edition. Extra fcap, Svo. it. 
Lotze'8 Logic, in Three Books ; of Thought, of Investigation, 

and of Knowledge. Engliah Tranilation ; Edited hj B. BobanQuet, M.A. 

Steond Edition. 3 vols. Crown Svo. ij». 
• Metaphysic, in Three Boots ; Ontology, Cosmology, and 

Pefcholo^. English TronelaUon; Edited by B. BoBABQtlBT, M.A. 

Second Edition. 1 vols. Crown 8to. hi. 

Uartineau. Types of Ethical Theory. By Jaubs Mietineau, 

D.D. Second Edition, a vols. Crown Svo. 15*. 
A Study of Religion : its Sources and Contents. A New 

Editioii, a Tolg. Crown 8to. I6». 

V. FHTSIOAL SOIENOE AND 
MATHEMATICS. 

Aoland. Synopsis of tbe Pathological Series in the Oxford 
Museum. By Sir H. W. Acland, M.D., F.R.S. Svo. it. 6d. 

Aldis. A Text-Book of Algebra: with Answers to tbe 
Eiamplea. By W. 8. Alms, M.A. Crown Syo. J*, fid. 

ArohimediB quae supersunt omnia cum Eutocii commentariis 

ei recennone J. Tobxlli, oum nov& versione Iditina. 1791. Fol. ll. 5*. 

BaTiieB. Lessons on Thermodynamics. By K. E. Bitkes, 
M.A. Crown Svo. j:6d, 

Lonikn: Hbmbt Fbowdb, AiusaConm, £.C. 
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BIOIiOGICAIi SEBTBS. (TranBlatioDS of Foreign Memoirs). 

I. Memoira on tte Physioloi^ of Nerve, of Muscle, and 
c^ the El«otxteal Oigaa. Edited by J. BuHWX-SAMDKBaox, lf.D., 
F.B-SSJj. & £. Hecunm Svo. il. u. 

II. The Anatomy of the Frog. By Dr. AlSXAHDEa 
ECKBR, Profeisor in the TJniveraitj of Frdbnrg. TmuUted, with 
nomeTOTU AnnotalioiUi uid Additioiu, bj Qeobqi Hahlak, U.D. 
Hediom Svo. tit. 

lY. Essays upon Heredity and kindred Biological Pro- 

blenu. By Dr. AoanST WiISHAinr, Professor in the UniTenitj of 
^reibn^ in Brdwui. AnthcRiieil 1>uuUlioii. Edited by Edwird 
B. PoDiTON, mX., F.L.S., F.G.8., Selmab Schohi-akd, Pb.D., 
and ABTflDB E. Shiplee, M.A., F.lA Mediooi Svo. i6». 

BOTAHICAL SERIES. 

Comparative Anatomy of the Vegetative Organs of the 
Phaneroguai uid Fenii. By Dr. A. Dh Babt. Truidated and 
AnnoUted by F. 0. Bowkh, U.A., F.LS., and D. H. Soon, M.A., 
Ph-D., F.L.S. Royal Svo., half morocoo, iL i». 6d. 

Outlines of Classification and Special Morphology of 
Plsnta. A new Edition of Sachs' Text-Book of Botany, Book n. 
By Dr. K. Gobbbl. Translated by H. K F. Gabmbet, M.A., and 
Berised by Ibaao Batlbt Baijoub, M.A., U.D., F.B.8. Boyal 
8va.,hairmoroooo, iI. ij. 

Lectures on the Physiology of Plants. By Jruos voh 
Sachs. Translated by H. MABBOALb Wabd, M.A., F.L.S. Itoyal 
Svo. half morocco, il. lit. td. 

Comparative Morphology and Biology of Fungi, Myee- 
tozoa and Bacteria. By Dr. A. De Bakt. Tranalated by H. E. F. 
Gabnsei, M.A., Beriied by laAAO Batlbt Baijoub, M.A., HJ)., 
F.B.8. Boyal Svo., half morooeo, 1 1. 2«.W. 
Lectures on Bacteria. By Dr. A, Db Bart. Second 
Improved Edition. Translated by H. E. F. Garmbet, M.A. Bevieed 
by Ibaao Baslkt Bauocb, M.A., M.D., F.E.8. Crown Svo. 6». 
Introduction to Fossil Botany. By Connt H, ton 
Solus-Lacbach. Authoriied English Translalion, by H. E. F. 
GABNsn.M.A. Edited by Isaac Eatlst Baij'oub, M.A., M.D., 
F.B.S. InthePreit. 
Annala of Botany. Edited by Isaac Batlky Bauoub, M.A., 
M.D., F.R.S., Stdsei H. Tines, D.So., P.R.S., and W, G, Farlow, M.D. 
Vol. I. Royal 8to., half morocco, gilt top, ll. i6». 

Bradley's Miscellaneous Works and Correspondence. With 

on Accoont of Harriot's Agtronomical Papers. 4to. 1 7t. 
Chambers. A Handbook of Descriptive Astiouomy. By 

G. F. Chambbbb, F.R.A.S. VoL I. Fourih Edition. Svo. iI. it. 
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Clarke. Geodesy. By Col. A. R. Claekb, C.B., KE. 8vo. 

Cremona. ^Elemeota of Projective Geometry. By Lui6i 

Cbmoha. Translated by C. Lkudbsdobf, M.A, 8vo, ii«. fid. 
Danbeny's Introduction to the Atomic Theory. i6mo. 61. 
Donkin. Acoustics. By W. F. DoNKip, M.A., F.R.S. Second 

Edition. Crown Sro. 7>. 6d. 
Etheridge. Fossile of the British Islands, StTntigrapbicnlly 

and Zonlogiollj omtiigad. Port I, Falaxozoio. By B. Ethbsidqs, 

F.E.aS. L. 4 E., F.G.8. 4to.1i.1tM. 
EUCLID BEVISED. CoDtaining- the Essentials of the 

Elemente of FloDe Geoinetiy as given b; Euclid in his Gnt Six SoiAi. 

Edited b; B. C. 3. Nixon, M.A. Second Edition. Crowa 8to. 6a. 
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Book I. t*. Books I, II. is. 6d. 
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P.C.S. Crown Syo. 41. fid. 

Galton. The ConstrDction of Healthy Dwellings. By 

Sir DocQuB Oaltok, E.C.B., F.R.S. Sto. icm. 6d. 
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limp cloth, i«. 
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. Harconrt and Uadan. Exercises in Practical Chemistry. 

Tol. I. Elementary Exerdse*. B; A. Q. Vibnon Haboourt, M.A., and 

H. 6. Madan, M.A. Fourth EdiHoit. Crown 810. km. 6d. 

Madan. Tables of Qualitative Analysis. By H. Or. 

Madah, M.A. Large 4tD., paper oovera, 41. fid. 
Henaley. Figures made Easy. A first Arithmetic Book. 

By Lbwib Hbvslit, M.A. Crown 8to. fid. 
Answers to the Examples in Figures made Easy, together 

with two thoownd additional Examples, with AuBwera. Crown Sto. It, 

The Scholar's Arithmetic. Crown Svo. M. 6d. 

Answers to Examples in Scholar's Arithmetic. i<. 6d. 

The Seholar'a Algebra. Crown Svo. 21. 6d. 

HagheB. Geography for Schools. By Alfred HuoHKa, M.A 

late Scholar of Corpni Chriati Collie, Oxford. Port I. Practical 

Geography. With Diagrams. Grown 8 vo. ii.6d. 
Haol^n. A System of Physical Education: Theoretical 

and Practical. By Abcsibals Maolabbk. Extra fcap. Svo. Jt. fid. 
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Uaxwell. A Treatise on Electricity and Magnetisni. By 
J. Clibe Maxwell, M.A. Second Edilion. t toIb. 8to. il. iit. 6d. 
• An Elementary Treatise on Electricity. ..Edited by 

Wn,LI41l GlRSBTT, M.A. Svo. 7». 6d. 

Mmchin. A Treatise on Statics with Applications to Phyaica. 
B7 G. M. MlHCHlH, M.A. Third Edition. Vol.1. Equilibrinm of Co- 
pUnar Forcea. Svo. ^. Vol. II. Stotios. 8vo. i6». 

UnipIanarKinematics of Solids and Fluids. CrownSs-o, 7».Si 

Hiiller. On certain Variations in the Vocal Organa of the 

Puaeres. Bj J. MiJLLEB. Tranilftted by F. J. BELL, B.A., and edited 
bj A. H. Oarbod, M.A., F.R.S. With FUt«8. 4(0. 7*. 6d, 
Kizon. See !Ei]clld Bevised, 

FhiUips. Greology of Oxford and the Valley of the Thames. 
ByJoHHpnLLiFB'.M.A., F.R.S, 8to. ait. 

Vesnvius. Crown 8vo. 10*. 6d, 

Frestwioh. Geology, Chemical, Physical, and Stratigraphical. 
By JoaiPR Pbebtwich, M.A., F.E.8, In two Volumas. 

Vol. I. Chemical and Fhysical, Hoyal 8vd. i{. 50. 
Vol. II. Stratigraphical and Physical. With a new Geo- 
logical Map of Europe. Royal 8vo. i(. i6s. 
New Geological Map of Europe. In case or on roller, g». 
Frioo. Treatise on Infinitesimal Calculus. By Bautholomew 
PBICB, M.A., F.R.8. 

Vol. L Differant;*! Calcnlna. 8«c<md Edition. 8vo. 14*. 6A 

Vol. IL Integral Cftloulna. Calculna of VariAtione, And DifferentiAl 

EqDAtiona. Second Edition. Svo. iSi. 
Vol. Ill BtAlJoa, inolndiag Attradjons ; DynAmtcB of a MAteiial 

Particle. Second Edition. Svo. l6<. 
Vol. rV. ByDAmica of Material Syatemi. Second Edition. Svo. i8«. 
Pritchard. Uranometria Nova Oxoniensis. A Photometric 
determination of the mAgmtndas of All Star* Tiaiblo to tie naked eye, 
from the Pole to ten degrees aoath of the Eqnator. By C. Pbitchabd, 
P.D., F.R.S. EoyAl Svo. 8». 6d. 
— ■■ ■ Astronomical Observations made at the University 
ObsarvAtoiy, Oiford, nnde» the direction of C. PailCBAKD, D.D. No. I. 
Royal 8to. pAper covers, 3/. 6d. 

Bigaad's Correspondence of Scientific Men of the 17th 

Centniy, witli Table of Contents by A. de Morqah, and Index by 
J. BiQAUD, M.A. 3 Tola. Svo. i8«. 6^. 
Bolleston and Jackson. Formsof Animal Life. A Manual of 
CompAtatiTe Anatomy, with descriptions of seleoled typea. By Gkibob 
BoLLEeroN, M.D., F.R.S. Second Edition. Beviaed and enlarged by 
W. Hatohett Jackson, M.A. Medium Svo. il. 168. 
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